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1 Introduction

This document is a modification of a technical report from the Mayo Clinic Division of
Biostatistics [6], which was itself an expansion of an earlier Stanford report [5]. It is intended
to give a short overview of the methods found in the rpart routines, which implement many
of the ideas found in the CART (Classification and Regression Trees) book and programs
of Breiman, Friedman, Olshen and Stone [1]. Because CART is the trademarked name of
a particular software implementation of these ideas, and ¢ree has been used for the S-Plus
routines of Clark and Pregibon [2]| a different acronym — Recursive PARTitioning or rpart
— was chosen. It is somewhat humorous that this label “rpart” has now become more
common than the original and more descriptive “cart”, a testament to the influence of freely
available software.

The rpart programs build classification or regression models of a very general structure
using a two stage procedure; the resulting models can be represented as binary trees. An
example is some preliminary data gathered at Stanford on revival of cardiac arrest patients
by paramedics. The goal is to predict which patients can be successfully revived in the field
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Figure 1: Revival data

on the basis of fourteen variables known at or near the time of paramedic arrival, e.g., sex,
age, time from attack to first care, etc. Since some patients who are not revived on site
are later successfully resuscitated at the hospital, early identification of these “recalcitrant”
cases is of considerable clinical interest.

The resultant model separated the patients into four groups as shown in figure 1, where

X1 = initial heart rhythm
1= VF/VT 2=EMD 3=Asystole 4=0Other

X5 = initial response to defibrillation
1=Improved 2=No change 3=Worse

X3 = initial response to drugs
1=Improved 2=No change 3=Worse

The other 11 variables did not appear in the final model. This procedure seems to work
especially well for variables such as X; , where there is a definite ordering, but spacings are
not necessarily equal.

The tree is built by the following process: first the single variable is found which best
splits the data into two groups (‘best’ will be defined later). The data is separated, and
then this process is applied separately to each sub-group, and so on recursively until the
subgroups either reach a minimum size (5 for this data) or until no improvement can be
made.

The resultant model is, with a certainty, too complex, and the question arises as it does
with all stepwise procedures of when to stop. The second stage of the procedure consists of
using cross-validation to trim back the full tree. In the medical example above the full tree



had ten terminal regions. A cross validated estimate of risk was computed for a nested set
of sub trees; this final model was that sub tree with the lowest estimate of risk.

2 Notation

The partitioning method can be applied to many different kinds of data. We will start by
looking at the classification problem, which is one of the more instructive cases (but also
has the most complex equations). The sample population consists of n observations from
C classes. A given model will break these observations into k terminal groups; to each of
these groups is assigned a predicted class. In an actual application, most parameters will
be estimated from the data, such estimates are given by ~ formulae.

; 1=1,2,...,.C prior probabilities of each class

L(i,7) i=1,2,...,C Loss matrix for incorrectly classifying
aniasaj. L(i,i) =0

A some node of the tree
Note that A represents both a set of individuals in
the sample data, and, via the tree that produced it,
a classification rule for future data.

T(z) true class of an observation x, where z is the
vector of predictor variables

T(A) the class assigned to A, if A were to be taken as a
final node
N, NA number of observations in the sample that are class i,

number of obs in node A

P(A) probability of A (for future observations)
=Y mP{zeAlr(z) =i}
~ ZZC:1 TN AT

p(ilA) P{r(x) =i | x € A} (for future observations)
=mP{x e A|7(x)=1i}/P{z € A}
~ mi(nia/ni)/ - mi(nia/ni )



R(A) risk of A
= S0 p(i| A)L(i, T(A))

where 7(A) is chosen to minimize this risk

R(T) risk of a model (or tree) T

=Yk P(Aj)R(4A;)
where A; are the terminal nodes of the tree

If L(i,7) =1 for all i # j, and we set the prior probabilities 7 equal to the observed class
frequencies in the sample then p(i|A) = n;a/n4 and R(T) is the proportion misclassified.

3 Building the tree

3.1 Splitting criteria

If we split a node A into two sons Az and Ag (left and right sons), we will have
P(ApL)r(AL) + P(Agp)r(Ag) < P(A)r(A)

(this is proven in [1]). Using this, one obvious way to build a tree is to choose that split
which maximizes Ar, the decrease in risk. There are defects with this, however, as the
following example shows:

Suppose losses are equal and that the data is 80% class 1’s, and that some trial
split results in Ay, being 54% class 1’s and Ag being 100% class 1’s. Since the
minimum risk prediction for both the left and right son is 7(Ar) = 7(AR) = 1,
this split will have Ar = 0, yet scientifically this is a very informative division
of the sample. In real data with such a majority, the first few splits very often
can do no better than this.

A more serious defect is that the risk reduction is essentially linear. If there were two
competing splits, one separating the data into groups of 85% and 50% purity respectively,
and the other into 70%-70%, we would usually prefer the former, if for no other reason than
because it better sets things up for the next splits.

One way around both of these problems is to use look-ahead rules; but these are com-
putationally very expensive. Instead rpart uses one of several measures of impurity, or
diversity, of a node. Let f be some impurity function and define the impurity of a node A

as
C
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Figure 2: Comparison of Gini and Information impurity for two groups.

where p;4 is the proportion of those in A that belong to class i for future samples. Since
we would like 7(A) =0 when A is pure, f must be concave with f(0) = f(1) = 0.

Two candidates for f are the information index f(p) = —plog(p) and the Gini index
f(p) = p(1 — p). We then use that split with maximal impurity reduction

AT = p(A)I(A) — p(AL)I(AL) — p(A)I(AR)

The two impurity functions are plotted in figure (2), along with a rescaled version of the
Gini measure. For the two class problem the measures differ only slightly, and will nearly
always choose the same split point.

Another convex criteria not quite of the above class is twoing for which

I(A) = min [f(pC1) + f(pC’2)]
C1Co
where C1,C5 is some partition of the C' classes into two disjoint sets. If C = 2 twoing is
equivalent to the usual impurity index for f. Surprisingly, twoing can be calculated almost
as efficiently as the usual impurity index. One potential advantage of twoing is that the



output may give the user additional insight concerning the structure of the data. It can
be viewed as the partition of C into two superclasses which are in some sense the most
dissimilar for those observations in A. For certain problems there may be a natural ordering
of the response categories (e.g. level of education), in which case ordered twoing can be
naturally defined, by restricting C to be an interval [1,2,..., k] of classes. Twoing is not
part of rpart.

3.2 Incorporating losses

One salutatory aspect of the risk reduction criteria not found in the impurity measures is
inclusion of the loss function. Two different ways of extending the impurity criteria to also
include losses are implemented in CART, the generalized Gini index and altered priors. The
rpart software implements only the altered priors method.

3.2.1 Generalized Gini index

The Gini index has the following interesting interpretation. Suppose an object is selected at
random from one of C classes according to the probabilities (p1, p2, ..., pc) and is randomly
assigned to a class using the same distribution. The probability of misclassification is

ZZpipj = ZZpipj — Zp? = Zl —p? = Gini index for p
i g i i i

Let L(i,7) be the loss of assigning class j to an object which actually belongs to class i. The

expected cost of misclassification is ) > L(7, j)p;p;. This suggests defining a generalized

Gini index of impurity by
G(p) = > L, j)pip;
(2

The corresponding splitting criterion appears to be promising for applications involving
variable misclassification costs. But there are several reasonable objections to it. First, G(p)
is not necessarily a concave function of p, which was the motivating factor behind impurity
measures. More seriously, G symmetrizes the loss matrix before using it. To see this note
that

Gp) = (1/2) Y Y ILG,j) + L(j, )] piv;

In particular, for two-class problems, G in effect ignores the loss matrix.



3.2.2 Altered priors
Remember the definition of R(A)

c
R(A) = ZpiAL(i7T(A))

C
= Ym0, 7(A)) (nia/ni)(n/na)
=1

Assume there exists # and L be such that

Then R(A) is unchanged under the new losses and priors. If Lis proportional to the zero-
one loss matrix then the priors 7 should be used in the splitting criteria. This is possible

only if L is of the form
- Li i#j
L = R
in={g 7
in which case
i L
> miL;
This is always possible when C' = 2, and hence altered priors are exact for the two class
problem. For arbitrary loss matrix of dimension C' > 2, rpart uses the above formula with
A second justification for altered priors is this. An impurity index I(A) = >_ f(p;) has its
maximum at p; = py = ... = pc = 1/C. If a problem had, for instance, a misclassification
loss for class 1 which was twice the loss for a class 2 or 3 observation, one would wish I(A)
to have its maximum at p; =1/5, po = ps =2/5, since this is the worst possible set of
proportions on which to decide a node’s class. The altered priors technique does exactly
this, by shifting the p;.
Two final notes

=

e When altered priors are used, they affect only the choice of split. The ordinary losses
and priors are used to compute the risk of the node. The altered priors simply help
the impurity rule choose splits that are likely to be “good” in terms of the risk.

e The argument for altered priors is valid for both the Gini and information splitting
rules.
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3.3 Example: Stage C prostate cancer (class method)

This first example is based on a data set of 146 stage C prostate cancer patients [4]. The
main clinical endpoint of interest is whether the disease recurs after initial surgical removal
of the prostate, and the time interval to that progression (if any). The endpoint in this
example is status, which takes on the value 1 if the disease has progressed and 0 if not.
Later we’ll analyze the data using the exp method, which will take into account time to
progression. A short description of each of the variables is listed below. The main predictor
variable of interest in this study was DNA ploidy, as determined by flow cytometry. For
diploid and tetraploid tumors, the flow cytometry method was also able to estimate the
percent of tumor cells in a Gy (growth) stage of their cell cycle; G2% is systematically
missing for most aneuploid tumors.

The variables in the data set are

pgtime  time to progression, or last follow-up free of progression
pgstat  status at last follow-up (1=progressed, 0=censored)

age age at diagnosis

eet early endocrine therapy (1=no, 0=yes)
ploidy  diploid/tetraploid /aneuploid DNA pattern
g2 % of cells in G phase

grade  tumor grade (1-4)
gleason Gleason grade (3-10)

The model is fit by using the rpart function. The first argument of the function is a
model formula, with the ~ symbol standing for “is modeled as”. The print function gives
an abbreviated output, as for other R models. The plot and text command plot the tree
and then label the plot, the result is shown in figure 3.

> progstat <- factor(stagec$pgstat, levels = 0:1, labels = c("No", "Prog"))

> cfit <- rpart(progstat ~ age + eet + g2 + grade + gleason + ploidy,
data = stagec, method = 'class')

> print(cfit)

n= 146

node), split, n, loss, yval, (yprob)
* denotes terminal node

1) root 146 54 No (0.6301370 0.3698630)
2) grade< 2.5 61 9 No (0.8524590 0.1475410) *
3) grade>=2.5 85 40 Prog (0.4705882 0.5294118)
6) g2< 13.2 40 17 No (0.5750000 0.4250000)
12) ploidy=diploid,tetraploid 31 11 No (0.6451613 0.3548387)
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24) g2>=11.845 7 1 No (0.8571429 0.1428571) *
25) g2< 11.845 24 10 No (0.5833333 0.4166667)
50) g2< 11.005 17 5 No (0.7058824 0.2941176) *
51) g2>=11.005 7 2 Prog (0.2857143 0.7142857)
13) ploidy=aneuploid 9 3 Prog (0.3333333 0.6666667) *
7) g2>=13.2 45 17 Prog (0.3777778 0.6222222)
14) g2>=17.91 22 8 No (0.6363636 0.3636364)
28) age>=62.5 15 4 No (0.7333333 0.2666667) *
29) age< 62.5 7 3 Prog (0.4285714 0.5714286) *
15) g2< 17.91 23 3 Prog (0.1304348 0.8695652) *

> par(mar = rep(0.1, 4))
> plot(cfit)
> text(cfit)

e The creation of a labeled factor variable as the response improves the labeling of the
printout.

e We have explicitly directed the routine to treat progstat as a categorical variable
by asking for method=’class’. (Since progstat is a factor this would have been the
default choice). Since no optional classification parameters are specified the routine
will use the Gini rule for splitting, prior probabilities that are proportional to the
observed data frequencies, and 0/1 losses.

e The child nodes of node x are always 2x and 2z + 1, to help in navigating the printout
(compare the printout to figure 3).

e Other items in the list are the definition of the split used to create a node, the number
of subjects at the node, the loss or error at the node (for this example, with propor-
tional priors and unit losses this will be the number misclassified), and the predicted
class for the node.

e *indicates that the node is terminal.
e Grades 1 and 2 go to the left, grades 3 and 4 go to the right. The tree is arranged so
that the branches with the largest “average class” go to the right.
3.4 Variable importance

The long form of the printout for the stage C data, obtained with the summary function,
contains further information on the surrogates. The cp option of the summary function
instructs it to prune the printout, but it does not prune the tree. For each node up to 5
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