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Abstract

Maximum likelihood estimation of a log-concave density has attracted considerable
attention over the last few years. Several algorithms have been proposed to estimate such
a density. Two of those algorithms, an iterative convex minorant and an active set algo-
rithm, are implemented in the R package logcondens. While these algorithms are discussed
elsewhere, we describe in this paper the use of the logcondens package and discuss func-
tions and datasets related to log-concave density estimation contained in the package. In
particular, we provide functions to (1) compute the maximum likelihood estimate (MLE)
as well as a smoothed log-concave density estimator derived from the MLE, (2) evaluate
the estimated density, distribution and quantile functions at arbitrary points, (3) compute
the characterizing functions of the MLE, (4) sample from the estimated distribution, and
finally (5) perform a two-sample permutation test using a modified Kolmogorov-Smirnov
test statistic. In addition, logcondens makes two datasets available that have been used
to illustrate log-concave density estimation.
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1. Introduction

1.1. About this document

Although first uploaded to CRAN in 2006, a detailed description (beyond the package manual)
of the functionality of the R package logcondens (Rufibach and Diimbgen 2010) had been
lacking so far. This document is an introduction to logcondens, based on Diimbgen and
Rufibach (2010), that not only discusses and illustrates the use of the implemented iterative
convex minorant (ICMA) and the active set algorithm (ASA), but more functions that
are useful in connection with univariate log-concave density estimation. The package also
provides functions to evaluate quantities whose explicit computations are not immediate,
such as distribution and quantile functions, the smoothed log-concave density estimator and
the corresponding distribution function, sampling from the different estimators, and a two-
sample permutation test. In addition, the data sets analyzed in Diimbgen and Rufibach
(2009) and Koenker and Mizera (2010) are provided as part of logcondens. Using the former
of these datasets we illustrate how logcondens can be used to explore data. The package
is available from the Comprehensive R Archive Network at http://CRAN.R-project.org/
package=logcondens.


http://CRAN.R-project.org/package=logcondens
http://CRAN.R-project.org/package=logcondens
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This document was created using Sweave (Leisch 2002), KTEX (Knuth 1984; Lamport 1994),
and R (R Development Core Team 2010). This means that all of the code has been checked
by R.

1.2. Log-concave density estimation

One way to nonparametrically estimate a density from univariate i.i.d. data is imposing
a qualitative constraint such as monotonicity, convexity, or log-concavity. In contrast to
smoothing methods such as kernel estimation or roughness penalization, methods relying
on shape constraints are fully automatic, i.e. they do not necessitate any choice of tuning
parameters such as a bandwidth or a penalty parameter. Choosing these tuning parameters is
notoriously involved, since typically their optimal values depend on properties of the unknown
density to be estimated. To fix notation, let f be a probability density on R. We call f log-
concave if it may be written as

f(@) = expo(a)

for some concave function ¢ : R — [—o00,00). Based on a sample of i.i.d. random variables
Xi,...,X, € R from f we seek to estimate this density via maximizing the normalized
log-likelihood function

Up) = n7 ') log f(Xi) = n71 ) o(Xi)
i=1 i=1

over all concave functions ¢ : R — [—00, 00) such that [exp ¢p(z)dz = 1. The resulting max-
imum likelihood estimators (MLEs) of ¢ and f are denoted by @ and f = exp @, respectively.

Diimbgen and Rufibach (2009) show that the maximizer ¢ of ¢ is unique, piecewise linear
on the interval [X (1), X(;,)] with knots only at (some of the) observations X(;), and $ = —o0
elsewhere. Here X(;) < X9y < -+ < X, are the ordered observations, and a “knot” of @

is a location where this function changes slope. The MLEs @, f and I are consistent with
certain rates of convergence, see Diimbgen and Rufibach (2009) and Balabdaoui, Rufibach,
and Wellner (2009).

The merits of using a log-concave density have been extensively described in Balabdaoui
et al. (2009), Cule, Gramacy, and Samworth (2009), and Walther (2009). The most relevant
properties, in our opinion, are:

e Many parametric models consist of log—concave densities, at least for large parts of
the parameter space. Examples include: Normal, Uniform, Gamma(r,\) for r > 1,
Beta(a,b) for a,b > 1, generalized Pareto, Gumbel, Fréchet, logistic or Laplace, to
mention only some of these models. Therefore, assuming log—concavity offers a flexi-
ble non—parametric alternative to purely parametric models. Note that a log—concave
density need not be symmetric.

e Given that log-concavity seems to be a plausible assumption for many datasets one
encounters in applications, we also advocate the use of this package in routine data
analysis. Instead of looking at a histogram (via hist()) or a kernel density estimate
when exploring data we propose to additionally display the log-concave estimate, or
its smoothed version described below, to get an idea about the distribution of the
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data. Especially for small sample sizes, kernel estimates are prone to artifacts, but
assuming additional structure on the underlying distribution reduces the influence of
single observations on the estimated density. To illustrate this point we added the
estimate resulting from invoking density() to Figure 1 (black line).

e Every log—concave density is automatically unimodal.

e The nonparametric MLE of a continuous unimodal density does not exist (see e.g. Birgé
1997) but the nonparametric MLE of a log-concave density does. Thus the class of log-
concave densities may be a useful and valuable surrogate for the larger class of unimodal
densities.

e Using a standard EM algorithm, mixtures with log-concave component densities can be
computed, see Chang and Walther (2007) and Cule, Samworth, and Stewart (2010).

e Log-concavity turns out to be a valuable assumption in dimensions higher than 1 as
well, see Cule et al. (2009, 2010); Koenker and Mizera (2010); Schuhmacher, Hiisler,
and Diimbgen (2009); Seregin and Wellner (2010).

Figure 1 provides an introductory example based on simulated data. Namely, we generated
a random sample of size n = 40 from a standard normal distribution (the corresponding
density function is in fact log-concave) and estimated the density of these observations under
a log-concavity restriction. In the left plot of Figure 1 we provide plots of the true density
the observations are sampled from, the estimated density, and the kernel density estimate
as provided by density(). Given the small sample size of n = 40, both the log-concave
and kernel estimate capture the shape of the truth quite accurately. The features of the log-
concave MLE are visible: The support of f is [X 1), X (n)] and the knots, marked by vertical
lines at the bottom of the plot, are indeed at some of the observations. On the other hand,
the notorious bumpy behavior of the kernel estimate appears in the tails, especially on the
left hand side. Piecewise linearity of the estimated log-density is visualized in the right plot
of Figure 1.

We will illustrate the main functions of logcondens on this simulated dataset and then discuss
their merits in analyzing a real-world dataset. To generate the data, invoke:

R> library("'logcondens™)

R> set.seed(1)

R> n.sim <- 40

R> x.sim <-sort(rnorm(n.sim))

Then, we compute and display the log-concave density estimate, the density we sampled from,
and a standard kernel estimate:

R> res <- logConDens(x.sim, smoothed = FALSE, print = FALSE)

R> xs <- seq(-5, 5, by = 0.01)

R> f.true <- dnorm(xs)

R> par(las = 1, oma = ¢(0, 0, 3, 0), mar = c(3, 3.5, 0.5, 0.5),

+ mfrow = c(1, 2))

R> plot(res, which = "density", add.title = FALSE, legend.pos = "none™)
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