A Re-Implementation of Akima’s Spline
Interpolation for Scattered Data

Albrecht Gebhardt Roger Bivand

University Klagenfurt Norwegian School of Economics

Abstract

This vignette presents the R package interp and focuses on interpolation of irregular
spaced data.
This is the second of planned three vignettes for this package (not yet finished).
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1. Note

Notice: This is a preliminary and not yet complete version of this vignette. Finally three
vignettes will be available for this package:

1. a first one related to partial derivatives estimation,
2. this one describing interpolation related stuff

3. and a third one dealing with triangulations and Voronoi mosaics.

2. Introduction

The main aim of this R package is to provide interpolation algorithms for both regular and
irregular data grids

{((xi,yi) ,zi)|xiyizieR i=1,...,n}

From the early days of S and S-Plus there was a function interp() which solved this task. It
used Akima’s spline interpolation algorithms available at netlib! twice: Once to determine
a triangulation of the data which is needed for a piecewise linear interpolation. This is the
default application case of this function and as shown in Bivand and Gebhardt (2017) the
most common use of it, especially in other R packages depending on it. Second to get the
spline interpolation based an the same triangulation. These algorithms have been available
since 1998 in R via the package akima. Unfortunately this package inherits a non-free license
from the underlying Fortran code. So the need to rewrite the algorithms under a free license,

Ihttps://netlib.org/toms/526.9z


https://netlib.org/toms/526.gz
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encouraged by the CRAN team, appeared convincing to the authors of this package. This is
now mostly done and package interp provides plugin capable replacement functions for the
interpolations delivered in package akima.

For both of these interpolations to work it has to be ensured that no duplicate points (X;, Yj)
may exist in the given point set {(Xi,Yi)|[i = 1,...,n}. This is reached via the argument
duplicate of interp::interp(). It offers three options:

« "error": Stop with an error, this is the default.

= "strip": Completely remove points with duplicates, or

< "mean","median""user": apply some function to them. The Implementation provides
mean(), median() or a user supplied function (“'dupfun’).

3. Bivariate Linear Interpolation

The default behaviour of the interp::interp() function is to produce a piecewise linear
interpolation. This interpolation takes the triangles of the Delaunay triangulation as also
returned by tri.mesh() and simply fits a plane to the three vertices (Xj, Vi, Zi), i = 1,2,3 of
those triangles. As a natural consequence it is not possible to extrapolate this interpolation
beyond the convex hull of the given point set.

First load the data set used by Akima in his initial work on irregular gridded data (Akima
1978b), see figure 1.

> data(akima)
> library(scatterplot3d)
> scatterplot3d(akima, type="h", angle=60, asp=0.2, lab=c(4,4,0))

The next plot in figure 2 shows the linear nature of the isolines of the interpolation generated
within all triangles:

> i <- interp(akima$x, akima$y, akima$z, nx=150, ny=150)
> MASS: :egscplot(akima$x, akima$y)

> contour(li, nlevels=30, add=TRUE)

> plot(tri.mesh(akima), add=TRUE)

In case the point data set resembles a regular rectangular grid it should be noted that no
unique solution to the triangulation task exists. For each rectangle of this grid there are two
possibilities to form triangles compatible with the main condition of a Delaunay triangulation:
The interior of the circumcircle of each triangle does not contain any other point of the
data set. Generally, as long as the data set contains more then 3 points on a common
circumcircle which is otherwise empty of remaining points, it will lead to non uniqueness of
the triangulation. This in turn means that a piece wise linear interpolation of rectangular
gridded data is not unique. Nevertheless interp::interp() will always produce the same
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Figure 2: Piecewise linear interpolation

4. Bivariate Spline Interpolation

Akimas spline interpolator 'with the accuracy of a bicubic polynomial’ (Akima 1978a) for
irregular gridded data is given by the following polynomial in X and y:

5 5—i o
p(x,y) = pijx'y! (1)
i=0j=0
with 21 coefficients pjj, 0 <1 < j < 5. This polynomial is determined within each triangle
(v1,V2,V3) with vertexes vj € R2 i =1,2,3 of the Delaunay triangulation. The solution has
to fulfill the following restrictions:

1. The interpolation itself (condition (i) in (Akima 1974)) results in 3 conditions.

2. First and second order partial derivatives of p(X,y) have to match estimated derivatives
at the triangle vertices (Akima denotes them as condition (ii)). This makes up for 15
conditions.

3. Finally the last three equations (condition (iii)) involve the directional derivatives along
the normal vectors of the triangle sides. As the spline polynomial is of degree 5 these
derivatives generally will be polynomials of degree 4. Now the condition demands that
they are polynomials of degree 3 in that variable that is describing the position of that
normal vector along the triangle side (later denoted as s in a (S, t) coordinate system),
thus setting its highest degree coefficient to zero. This can be expressed by setting the
appropriate 4th derivative of this directional derivative to zero.

The same conditions are also used in an improved algorithm described in (Akima 1996b), but
e.g. the estimation of the partial derivatives is different to the old algorithm and a better
triangulation based on the TRIPACK Fortran package has been used (Renka 1996).
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Next we will formulate the conditions at the triangle vertices Vi = (X, Yi) ,i = 1,2, 3 and for
the normal vectors n;; = _01 é tjj of the triangle sides tj; = (Xj,yj) — (Xi,yi) (i,J) €
{(1,3),(3,2), (2, D}

(i) p(Xiyi) = z, =123

(ii) axP(X i) = Zxi, %p(xi,yi) = Zyi, 1=123 @)

axayp(xhyl) = Ixy,i aixzp(xi,)’i) = ZIxx,i :y P(Xi,Yi) = Zyy,i

(i) LngVpixy) = 0 (i) € {(1,3),(3,2.(2.1)

where zj are the values to interpolate in v; = (X, Vi) ,i = 1,2,3 and zx; = aa—xp(xi,yi),

2y = a‘lyp(xi,yi), Zyxi = %p(xi,yi), Zuyi = agayp(x.,y.) and zyy i = aazzyp(xi,yi) denote the
estimates for partial derivatives at vj. Note that the scalar product nj; Vp(X,Y) represents
the directional derivative mentioned above expressed in coordinates S and t.

All these conditions together ensure that the resulting spline interpolates the given data and
the interpolating function is continuous and differentiable across the borders of all triangles.

We now illustrate this with the same data set as above in figure 3.

> si <- interp(akima$x, akima$y, akima$z, method="akima", nx=150, ny=150)
> MASS: :egscplot(akima$x, akima$y)

> contour(si, nlevels=30, add=TRUE)

> plot(tri.mesh(akima), add=TRUE)
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Figure 3: Bivariate Spline Interpolation

5. Implementation details

The call to interp::interp() follows this form:















10 A Re-Implementation of Akima’s Spline Interpolation for Scattered Data

m -
N 1%
/
— -]
>
o — O - \ \j
T \&
o~
! | | | | |
-4 -2 0 2 4
X

Figure 6: Spline interpolation of onedimensional data

7. Appendix

7.1. Barycentric Coordinates

Points within a triangle can be expressed in barycentric coordinates as follows:

Given a triangle with vertices v; = (Xi,Yi) ,1 =1, 2,3 any interior point Vo = (Xo,Yo) of this
triangle can be expressed as a convex linear combination

Vo=a-Vy+b-v,+C-vj

with a,b,c € [0,1] and a+ b+ ¢ = 1 (notation: [a : b : c]). The vertices itself carry the
representation [1:0:0] ,[0:1:0] and [0:0: 1].

In section 5 we used these coordinates to build a weighted sum of three interpolation results.
Component a of the barycentric coordinates of a point near vertex vy will be close to 1 and so
the interpolation result with the lowest numerical error (where vertex v; had been transformed
to (0,0) ) will dominate the barycentric weighted sum mentioned above. Using this approach
we cherry pick the numerically best portions of these three interpolation results.
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