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Abstract

Statistical procedures such as Bayes factor model selection and Bayesian model averaging
require the computation of normalizing constants (e.g., marginal likelihoods). These
normalizing constants are notoriously difficult to obtain, as they usually involve high-
dimensional integrals that cannot be solved analytically. Here we introduce an R package
that uses bridge sampling (Meng and Wong 1996; Meng and Schilling 2002) to estimate
normalizing constants in a generic and easy-to-use fashion. For models implemented in
Stan, the estimation procedure is automatic. We illustrate the functionality of the package
with three examples.
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1. Introduction

In many statistical applications, it is essential to obtain normalizing constants of the form

Z:Lﬁww, (1)

where p(0) = ¢q(0)/Z denotes a probability density function (pdf) defined on the domain

C RP. For instance, the estimation of normalizing constants plays a crucial role in free
energy estimation in physics, missing data analyses in likelihood-based approaches, Bayes
factor model comparisons, and Bayesian model averaging (e.g., Gelman and Meng 1998). In
this article, we focus on the role of the normalizing constant in Bayesian inference; however,
the bridgesampling package can be used in any context where one desires to estimate a
normalizing constant.

In Bayesian inference, the normalizing constant of the joint posterior distribution is involved in
(a) parameter estimation, where the normalizing constant ensures that the posterior integrates
to one; (b) Bayes factor model comparison, where the ratio of normalizing constants quantifies
the data-induced change in beliefs concerning the relative plausibility of two competing models
(e.g., Kass and Raftery 1995); (c) Bayesian model averaging, where the normalizing constant
is required to obtain posterior model probabilities (BMA; Hoeting et al. 1999).

For Bayesian parameter estimation, the need to compute the normalizing constant can usually
be circumvented by the use of sampling approaches such as Markov chain Monte Carlo
(MCMC; e.g., Gamerman and Lopes 2006). However, for Bayes factor model comparison and
BMA, the normalizing constant of the joint posterior distribution — in this context usually
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called marginal likelihood — remains of essential importance. This is evident from the fact
that the posterior model probability of model M;, i € {1,2,...,m}, given data y is obtained
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where p(y | M;) denotes the marginal likelihood of model M;.

If the model comparison involves only two models, M; and Ma, it is convenient to consider
the odds of one model over the other. Bayes’ rule yields:

p(Mi | y) p(y | My) p(M1)

- x P (3)
p(Mz | y) p(y | Ma) p(M>)
posterior odds Bayes factor BF12 prior odds

The change in odds brought about by the data is given by the ratio of the marginal likelihoods
of the models and is known as the Bayes factor (Jeffreys 1961; Kass and Raftery 1995; Etz and
Wagenmakers 2017). Equation (2) and Equation (3) highlight that the normalizing constant
of the joint posterior distribution, that is, the marginal likelihood, is required for computing
both posterior model probabilities and Bayes factors.

The marginal likelihood is obtained by integrating out the model parameters with respect to
their prior distribution:

ply | M;) = /@ p(y | 6, M2) p(6 | M;) d6. (4)

The marginal likelihood implements the principle of parsimony also known as Occam’s razor
(e.g., Jefferys and Berger 1992; Myung and Pitt 1997; Vandekerckhove et al. 2015). Unfortunately,
the marginal likelihood can be computed analytically for only a limited number of models.
For more complicated models (e.g., hierarchical models), the marginal likelihood is a high-
dimensional integral that usually cannot be solved analytically. This computational hurdle
has complicated the application of Bayesian model comparisons for decades.

To overcome this hurdle, a range of different methods have been developed that vary in
accuracy, speed, and complexity of implementation: naive Monte Carlo estimation, importance
sampling, the generalized harmonic mean estimator, Reversible Jump MCMC (Green 1995),
the product-space method (Carlin and Chib 1995; Lodewyckx et al. 2011), Chib’s method
(Chib 1995), thermodynamic integration (e.g., Lartillot and Philippe 2006), path sampling
(Gelman and Meng 1998), and others. The ideal method is fast, accurate, easy to implement,
general, and unsupervised, allowing non-expert users to treat it as a “black box”.

In our experience, one of the most promising methods for estimating normalizing constants
is bridge sampling (Meng and Wong 1996; Meng and Schilling 2002). Bridge sampling is a
general procedure that performs accurately even in high-dimensional parameter spaces such
as those that are regularly encountered in hierarchical models. In fact, simpler estimators
such as the naive Monte Carlo estimator, the generalized harmonic mean estimator, and
importance sampling are special sub-optimal cases of the bridge identity described in more
detail below (e.g., Frithwirth—Schnatter 2004; Gronau et al. 2017b).

In this article, we introduce bridgesampling, an R (R Core Team 2016) package that enables
the straightforward and user-friendly estimation of the marginal likelihood (and of normalizing
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constants more generally) via bridge sampling techniques. In general, the user needs to provide
to the bridge_sampler function four quantities that are readily available:

e an object with posterior samples (argument samples);

¢ a function that computes the log of the unnormalized posterior density for a set of model
parameters (argument log_posterior);

e adataobject that contains the data and potentially other relevant quantities for evaluating
log_posterior (argument data);

e lower and upper bounds for the parameters (arguments Ib and ub, respectively).

Given these inputs, the bridgesampling package provides an estimate of the log marginal
likelihood.

Figure 1 displays the steps that a user may take when using the bridgesampling package.
Starting from the top, the user provides the basic required arguments to the bridge_sampler
function which then produces an estimate of the log marginal likelihood. With this estimate
in hand — usually for at least two different models — the user can compute posterior model
probabilities using the post_prob function, Bayes factors using the bf function, and approximate
estimation errors using the error_measures function. A schematic call of the bridge_sampler
function looks as follows (detailed examples are provided in the next sections):

R> bridge_sampler (samples = samples, log_posterior = log_posterior,
+ data = data, 1b = 1b, ub = ub)

The bridge_sampler function is an S3 generic which currently has methods for objects of
class memc, memc. list (Plummer et al. 2006), stanfit (Stan Development Team 2016a),
matrix, rjags (Plummer 2016; Su and Yajima 2015), runjags (Denwood 2016), stanreg
(Stan Development Team 2016b), and for MCMC_refClass objects produced by nimble (de
Valpine et al. 2017).! This allows the user to obtain posterior samples in a convenient and
efficient way, for instance, via JAGS (Plummer 2003) or a highly customized sampler. Hence,
bridge sampling does not require users to program their own MCMC routines to obtain
posterior samples; this convenience is usually missing for methods such as Reversible Jump
MCMC (but see Gelling et al. 2017).

When the model is specified in Stan (Carpenter et al. 2017; Stan Development Team 2016a) —
in a way that retains the constants, as described below — obtaining the marginal likelihood is
even simpler: the user only needs to pass the stanfit object to the bridge_sampler function.
The combination of Stan and the bridgesampling package therefore produces an unsupervised,
black box computation of the marginal likelihood.

This article is structured as follows: First we describe the implementation details of the
algorithm from bridgesampling; second, we illustrate the functionality of the package using a
simple Bayesian t-test example where posterior samples are obtained via JAGS. In this section,
we also explain a heuristic to obtain the function that computes the log of the unnormalized
posterior density in JAGS; third, we describe in more detail the interface to Stan which enables

"We thank Ben Goodrich for adding the stanreg method to our package and Perry de Valpine for his help
implementing the nimble support.
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Figure 1: Flow chart of the steps that a user may take when using the bridgesampling package.
In general, the user needs to provide a posterior samples object (samples), a function that
computes the log of the unnormalized posterior density (log_posterior), the data (data),
and parameter bounds (Ib and ub). The bridge_sampler function then produces an estimate
of the log marginal likelihood. This is usually repeated for at least two different models. The
user can then compute posterior model probabilities (using the post_prob function), Bayes
factors (using the bf function), and approximate estimation errors (using the error_measures
function). Note that the summary method for bridge objects automatically invokes the
error_measures function. Figure available at https://tinyurl.com/ybf4jxka under CC
license https://creativecommons.org/licenses/by/2.0/.

an even more automatized computation of the marginal likelihood. Fourth, we illustrate use of
the Stan interface with two well-known examples from the Bayesian model selection literature.
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2. Bridge sampling: the algorithm

Bridge sampling can be thought of as a generalization of simpler methods for estimating
normalizing constants such as the naive Monte Carlo estimator, the generalized harmonic
mean estimator, and importance sampling (e.g., Frithwirth-Schnatter 2004; Gronau et al.
2017b). These simpler methods typically use samples from a single distribution, whereas
bridge sampling combines samples from two distributions.? For instance, in its original
formulation (Meng and Wong 1996), bridge sampling was used to estimate a ratio of two
normalizing constants such as the Bayes factor. In this scenario, the two distributions for the
bridge sampler are the posteriors for each of the two models involved. However, the accuracy
of the estimator depends crucially on the overlap between the two involved distributions;
consequently, the accuracy can be increased by estimating a single normalizing constant at a
time, using as a second distribution a convenient normalized proposal distribution that closely
matches the distribution of interest (e.g., Gronau et al. 2017b; Overstall and Forster 2010).
The bridge sampling estimator of the marginal likelihood is then given by:?

Ey( ) [1(0)p(y | 8)p(6)] L5712 h(6;)py | 05) p(6;)
Ep iy) [1(0) g(0)] A it h(8;)g(8;)

where h(0) is called the bridge function and ¢(@) denotes the proposal distribution.
{6,,0,,...,0, } denote n; samples from the posterior distribution p(@|y) and

p(y) = ()

{601,0,,...,0,,} denote ny samples from the proposal distribution ¢(8).

To use bridge sampling in practice, one has to specify the bridge function h(€) and the proposal
distribution g(@). For the bridge function h(€), the bridgesampling package implements the
optimal choice presented in Meng and Wong (1996) which minimizes the relative mean-squared
error of the estimator. Using this particular bridge function, the bridge sampling estimate of
the marginal likelihood is obtained via an iterative scheme that updates an initial guess of the
marginal likelihood p(y)® until convergence (for details, see Meng and Wong 1996; Gronau
et al. 2017b). The estimate at iteration ¢ + 1 is obtained as follows:

n2
B o N
Ny~ s1laj+s2 ply)®
o 1 j=1
niy & sulits2 py) ™
where [1; = %, and lp ; = %. In practice, a more numerically stable version
i J

of Equation (6) is implemented that uses logarithms in combination with the Brobdingnag R
package (Hankin 2007) to avoid numerical under- and overflow (for details, see Gronau et al.
2017b, Appendix B).

The iterative scheme usually converges within a few iterations. Note that, crucially, 1 ; and

l3,; need only be computed once before the iterative updating scheme is started. In practice,
evaluating l1; and lp; takes up most of the computational time. Luckily, /;; and l3; can

2Note, however, that these simpler methods are special cases of bridge sampling (e.g., Gronau et al. 2017b,
Appendix A). Hence, for particular choices of the bridge function and the proposal distribution, only samples
from one distribution are used.

3We omit conditioning on the model for enhanced legibility. It should be kept in mind, however, that this
yields the estimate of the marginal likelihood for a particular model M, that is, p(y j M).
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of R packages, such as the MCMCglmm package (Hadfield 2010), the JAGS interface of the
mgev package (Wood 2016), the glmmBUGS package (Brown and Zhou 2018), or the blavaan?!
package (Merkle and Rosseel 2018) so that users could conduct Bayesian model comparisons in
a black box way similar to the Stan interface. For packages that use themselves Stan for fitting
the models, adding bridgesampling support is relatively straightforward: the only potential
change that would have to be implemented is to make sure that the models are coded such that
all constants are retained (as explained in section 4). Once this is achieved, computing the
relevant quantities via bridgesampling works as described in the Stan examples. For packages
that do not use Stan to fit the models, the main difficulty is specifying the unnormalized
posterior density function and the parameter bounds in an automatized way. This is also
the reason why there is currently no black box interface to JAGS since, to the best of our
knowledge, specifying these quantities in an automatized way is not trivial. Nevertheless, if
this hurdle could be overcome, adding bridgesampling support would be straightforward.

In sum, the bridgesampling package provides a generic, accurate, easy-to-use, automatic,
and fast way of computing marginal likelihoods and conducting Bayesian model comparisons.
With the computational challenge all but overcome, researchers can spend more time and
effort on addressing the conceptual challenge that comes with Bayesian model comparisons:
specifying prior distributions that are either robust or meaningful.
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