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Chapter 1

Introduction

This document describes an implementation of Genz (1992) and, partially, of Genz and Bretz
(2002), for the evaluation of N multivariate J-dimensional normal probabilities

pi(Ci | ai,bi) = P(ai < Yi ≤ bi | Ci) = (2π)− J
2 det(Ci)

−1

∫ bi

ai

exp

(

−
1

2
y>C−>

i C−1
i y

)

dy (1.1)

where ai = (a
(i)
1 , . . . , a

(i)
J )> ∈ R

J and bi = (b
(i)
1 , . . . , b

(i)
J )> ∈ R

J are integration limits, Ci =

(c
(i)
jȷ ) ∈ R

J×J is a lower triangular matrix with c
(i)
jȷ = 0 for 1 ≤ j < ȷ < J , and thus Yi ∼

NJ(0J ,CiC
>
i ) for i = 1, . . . , N .

One application of these integrals is the estimation of the Cholesky factor C of a J-dimensional
normal distribution based on N interval-censored observations Y1, . . . ,YJ (encoded by a and b)
via maximum-likelihood

Ĉ = argmax
C

N∑

i=1

log(pi(C | ai,bi)).

In other applications, the Cholesky factor might also depend on i in some structured way.
Function pmvnorm in package mvtnorm computes pi based on the covariance matrix CiC

>
i .

However, the Cholesky factor Ci of the given covariance matrix is computed in FORTRAN first
each time this function is called. Function pmvnorm is not vectorised over i = 1, . . . , N and thus
separate calls to this function are necessary in order to compute likelihood contributions.

The implementation described here is a re-implementation (in R and C) of Alan Genz’ origi-

nal FORTRAN code, focusing on efficient computation of the log-likelihood
∑N

i=1 log(pi) and the
corresponding score function.

The document first describes a class and some useful methods for dealing with multiple lower
triangular matrices Ci, i = 1, . . . , N in Chapter 2. The multivariate normal log-likelihood, and
the corresponding score function, is implemented as outlined in Chapter 4. An example demon-
strating maximum-likelihood estimation of Cholesky factors in the presence of interval-censored
observations is discussed in Chapter 5. We use the technology developed here to implement the log-
likelihood and score function for situations where some variables have been observed exactly and
others only in form of interval-censoring in Chapter 6 and for nonparametric maximum-likelihood
estimation in unstructured Gaussian copulae in Chapter 7. An attempt to provide useRs with a
simple and (hopefully) bullet proof interface is documented in Chapter 9.

The development of this infrastructure was motivated by the necessity to evaluate probabili-
ties (1.1) arising in the likelihood of multivariate conditional transformation models (Klein et al.,
2022) for discrete or censored observations. Some forms of the likelihood for such nonparanormal
models are discussed in Hothorn (2024).
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"ltMatrices.c" 3≡

⟨C Header 156 ⟩
#ifndef USE_FC_LEN_T

# define USE_FC_LEN_T

#endif

#include <Rconfig.h>

#include <R_ext/Lapack.h> /* for dtptri */

#ifndef FCONE

# define FCONE

#endif

#include <R.h>

#include <Rmath.h>

#include <Rinternals.h>

#include <Rdefines.h>

⟨ colSumsdnorm 68 ⟩
⟨ solve 31 ⟩
⟨ solve C 32 ⟩
⟨ logdet 35 ⟩
⟨mult 28 ⟩
⟨ chol 42 ⟩
⟨ invchol workhorse 46 ⟩
⟨ invchol 45 ⟩
⋄

We first define and implement infrastructure for dealing with multiple lower triangular matrices
Ci ∈ R

J×J for i = 1, . . . , N . We note that each such matrix C can be stored in a vector of length

J(J + 1)/2. If all diagonal elements are one (that is, c
(i)
jj ≡ 1, j = 1, . . . , J), the length of this

vector is J(J − 1)/2.

2.1 Multiple Lower Triangular Matrices

We can store N such matrices in an J(J +1)/2×N matrix (diag = TRUE) or, for diag = FALSE,
in an J(J − 1)/2×N matrix.

Each vector might define the corresponding lower triangular matrix either in row or column-
major order:
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> a <- as.array(ltMatrices(xd, byrow = TRUE, diag = TRUE))

> b <- as.array(ltMatrices(ltMatrices(xd, byrow = TRUE, diag = TRUE),

+ byrow = FALSE))

> chk(a, b)

> a <- as.array(ltMatrices(xd, byrow = FALSE, diag = TRUE))

> b <- as.array(ltMatrices(ltMatrices(xd, byrow = FALSE, diag = TRUE),

+ byrow = TRUE))

> chk(a, b)

2.4 Subsetting

We might want to select subsets of observations i ∈ {1, . . . , N} or rows/columns j ∈ {1, . . . , J} of
the corresponding matrices Ci.
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4.2 7 7

4.3 9 9

> Lower_tri(M, diag = TRUE)

[,1] [,2]

1.1 1 1

2.1 2 2

3.1 3 3

4.1 4 4

2.2 5 5

3.2 6 6

4.2 7 7

3.3 8 8

4.3 9 9

4.4 10 10

> M <- ltMatrices(matrix(1:6, nrow = 6, ncol = 2), diag = FALSE)

> Lower_tri(M, diag = FALSE)

[,1] [,2]

2.1 1 1

3.1 2 2

4.1 3 3

3.2 4 4

4.2 5 5

4.3 6 6

> Lower_tri(M, diag = TRUE)

[,1] [,2]

1.1 1 1

2.1 1 1

3.1 2 2

4.1 3 3

2.2 1 1

3.2 4 4

4.2 5 5

3.3 1 1

4.3 6 6

4.4 1 1

> ## multiple symmetric matrices

> Lower_tri(invchol2cor(M))

[,1] [,2]

2.1 -0.7071 -0.7071

3.1 0.4364 0.4364

4.1 -0.4481 -0.4481

3.2 -0.9258 -0.9258

4.2 0.9189 0.9189

4.3 -0.9974 -0.9974

2.5 Diagonal Elements

The diagonal elements of each matrix Ci can be extracted and are always returned as an J ×N
matrix.
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> J <- 5

> N1 <- 10

> ex <- expression({

+ C <- syMatrices(matrix(runif(N2 * J * (J + c(-1, 1)[DIAG + 1L] ) / 2),

+ ncol = N2),

+ diag = DIAG)

+ x <- matrix(runif(N1 * J), nrow = J)

+ Ca <- as.array(C)

+ p1 <- do.call("cbind", lapply(1:N1, function(i)

+ Ca[,,c(1,i)[(N2 > 1) + 1]] %*% x[,i]))

+ p2 <- Mult(C, x)

+ chk(p1, p2, check.attributes = FALSE)

+ })

> N2 <- N1

> DIAG <- TRUE

> eval(ex)

> N2 <- 1

> DIAG <- TRUE

> eval(ex)

> N2 <- 1

> DIAG <- FALSE

> eval(ex)

> N2 <- N1

> DIAG <- FALSE

> eval(ex)

2.7 Solving Linear Systems

Computing C−1
i or solving Cixi = yi for xi for all i = 1, . . . , N is another important task. We

sometimes also need C>
i xi = yi triggered by transpose = TRUE.

C is Ci, i = 1, . . . , N in column-major order (matrix of dimension J(J−1)/2+Jdiag×N), and y

is the J×N matrix (y1 | y2 | · · · | yN ). This function returns the J×N matrix (x1 | x2 | · · · | xN )
of solutions.

If y is not given, C−1
i is returned in the same order as the orginal matrix Ci. If all Ci have

unit diagonals, so will C−1
i .

We set-up a dedicated C function for computing Cixi = yi
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> chk(a, t(b), check.attributes = FALSE)

> a <- lxd %*% y

> A <- as.array(lxd)

> b <- do.call("rbind", lapply(1:ncol(y),

+ function(i) t(A[,,i] %*% y[,i,drop = FALSE])))

> chk(a, t(b), check.attributes = FALSE)

> ### recycle C

> chk(lxn[rep(1, N),] %*% y, lxn[1,] %*% y, check.attributes = FALSE)

> ### recycle y

> chk(lxn %*% y[,1], lxn %*% y[,rep(1, N)])

> ### tcrossprod as multiplication

> i <- sample(1:N)[1]

> M <- t(as.array(lxn)[,,i])

> a <- sapply(1:J, function(j) lxn[i,] %*% M[,j,drop = FALSE])

> rownames(a) <- colnames(a) <- dimnames(lxn)[[2L]]

> b <- as.array(tcrossprod(lxn[i,]))[,,1]

> chk(a, b, check.attributes = FALSE)

> a <- crossprod(lxn, y)

> A <- as.array(lxn)

> b <- do.call("rbind", lapply(1:ncol(y),

+ function(i) t(t(A[,,i]) %*% y[,i,drop = FALSE])))

> chk(a, t(b), check.attributes = FALSE)

> a <- crossprod(lxd, y)

> A <- as.array(lxd)

> b <- do.call("rbind", lapply(1:ncol(y),

+ function(i) t(t(A[,,i]) %*% y[,i,drop = FALSE])))

> chk(a, t(b), check.attributes = FALSE)

> ### recycle C

> chk(crossprod(lxn[rep(1, N),], y),

+ crossprod(lxn[1,], y), check.attributes = FALSE)

> ### recycle y

> chk(crossprod(lxn, y[,1]),

+ crossprod(lxn, y[,rep(1, N)]))

2.10 Cholesky Factorisation

One might want to compute the Cholesky factorisations Σi = CiC
>
i for multiple symmetric

matrices Σi, stored as a matrix in class syMatrices.
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> a <- ltMatrices(C[lower.tri(C, diag = TRUE)], diag = TRUE, byrow = FALSE)

> b <- ltMatrices(x, diag = TRUE, byrow = FALSE)

> SD2 <- -vectrick(a, b, a)

> SD2a <- -vectrick(a, b)

> chk(SD2, SD2a)

> chk(SD0[lower.tri(SD0, diag = d)],

+ SD1[lower.tri(SD1, diag = d)])

> chk(SD0[lower.tri(SD0, diag = d)],

+ c(unclass(SD2)))

> ### same; but SD2 is vec(SD0)

> S <- t(matrix(as.array(b), byrow = FALSE, nrow = 1))

> SD2 <- -vectrick(a, S, a)

> SD2a <- -vectrick(a, S)

> chk(SD2, SD2a)

> chk(c(SD0), c(SD2))

> ### N > 1

> N <- 4L

> prm <- runif(J * (J - 1) / 2)

> C <- ltMatrices(prm)

> S <- matrix(runif(J^2 * N), ncol = N)

> A <- vectrick(C, S, C)

> Cx <- as.array(C)[,,1]

> B <- apply(S, 2, function(x) t(Cx) %*% matrix(x, ncol = J) %*% t(Cx))

> chk(A, B)

> A <- vectrick(C, S, C, transpose = c(FALSE, FALSE))

> Cx <- as.array(C)[,,1]

> B <- apply(S, 2, function(x) Cx %*% matrix(x, ncol = J) %*% Cx)

> chk(A, B)

2.12 Convenience Functions

We add a few convenience functions for computing covariance matrices Σi = CiC
>
i , precision

matrices Pi = L>
i Li, correlation matrices Ri = C̃iC̃i

>
(where C̃i = diag(CiC

>
i )

− 1

2Ci), or

matrices of partial correlations Ai = −L̃>
i L̃i with L̃i = Lidiag(L>

i Li)
− 1

2 from Li (invchol) or
Ci = L−1

i (chol) for i = 1, . . . , N .
Before we start, let us put a label on lower triangular matrices, such that we can differentiate

between C and L.
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+ solve(Sigma[j,j]) %*% Sigma[j,-j,drop = FALSE]

> cmv <- cond_mvnorm(chol = lxd[1,], which_given = j, given = y)

> chk(cm, cmv$mean)

> chk(cS, as.array(tcrossprod(cmv$chol))[,,1])

> Sigma <- as.array(tcrossprod(solve(lxd)))[,,1]

> j <- 2:4

> y <- matrix(c(-1, 2, 1), nrow = 3)

> cm <- Sigma[-j, j,drop = FALSE] %*% solve(Sigma[j,j]) %*% y

> colnames(cm) <- dimnames(lxd)[[1L]][1L]

> cS <- Sigma[-j, -j] - Sigma[-j,j,drop = FALSE] %*%

+ solve(Sigma[j,j]) %*% Sigma[j,-j,drop = FALSE]

> cmv <- cond_mvnorm(invchol = lxd[1,], which_given = j, given = y)

> chk(cm, cmv$mean)

> chk(cS, as.array(tcrossprod(solve(cmv$invchol)))[,,1])

and the simple case is

> Sigma <- as.array(tcrossprod(lxd))[,,1]

> j <- 1:3

> y <- matrix(c(-1, 2, 1), nrow = 3)

> cm <- Sigma[-j, j,drop = FALSE] %*% solve(Sigma[j,j]) %*% y

> colnames(cm) <- dimnames(lxd)[[1L]][1L]

> cS <- Sigma[-j, -j] - Sigma[-j,j,drop = FALSE] %*%

+ solve(Sigma[j,j]) %*% Sigma[j,-j,drop = FALSE]

> cmv <- cond_mvnorm(chol = lxd[1,], which_given = j, given = y)

> chk(c(cm), c(cmv$mean))

> chk(cS, as.array(tcrossprod(cmv$chol))[,,1])

> Sigma <- as.array(tcrossprod(solve(lxd)))[,,1]

> j <- 1:3

> y <- matrix(c(-1, 2, 1), nrow = 3)

> cm <- Sigma[-j, j,drop = FALSE] %*% solve(Sigma[j,j]) %*% y

> colnames(cm) <- dimnames(lxd)[[1L]][1L]

> cS <- Sigma[-j, -j] - Sigma[-j,j,drop = FALSE] %*%

+ solve(Sigma[j,j]) %*% Sigma[j,-j,drop = FALSE]

> cmv <- cond_mvnorm(invchol = lxd[1,], which_given = j, given = y)

> chk(c(cm), c(cmv$mean))

> chk(cS, as.array(tcrossprod(solve(cmv$invchol)))[,,1])

3.1 Continuous Log-likelihoods

With Z ∼ NJ(0, IJ) and Y = CiZ + µi ∼ NJ(µi,CiC
>
i ) we want to evaluate the log-likelihood

contributions for observations y1, . . . ,yN in a function called ldmvnorm
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Because log | Σi |= log | CiC
>
i |= 2 log | Ci |= 2

∑J
j=1 log diag(Ci)j we get the simpler expression

ℓi(µi,Ci) = −
J

2
log(2π)−

J∑

j=1

log diag(Ci)j −
1

2
(yi − µi)

>C−>
i C−1

i (yi − µi). (3.4)

With νi = C−1
i µi (argument invcholmean) given, we get

ℓi(νi,Ci) = −
J

2
log(2π)−

J∑

j=1

log diag(Ci)j −
1

2
(C−1

i yi − νi)
>(C−1

i yi − νi). (3.5)

The most attractive expression however is based on the parameterisation using Li = C−1
i and

νi because we get

ℓi(νi,Li) = −
J

2
log(2π) +

J∑

j=1

log diag(Li)j −
1

2
(Liyi − νi)

>(Liyi − νi) (3.6)

which is simultaneously log-concave in both parameters (Barratt and Boyd, 2023).
We need to compute colSums(dnorm(z, log = TRUE)) quite often. This turns out to be

time-consuming and memory intensive, so we provide a small internal helper function focusing on
the necessary computations.

⟨ colSumsdnorm 68 ⟩ ≡

SEXP R_ltMatrices_colSumsdnorm (SEXP z, SEXP N, SEXP J) {

/* number of columns */

int iN = INTEGER(N)[0];

/* number of rows */

int iJ = INTEGER(J)[0];

SEXP ans;

double *dans, Jl2pi, *dz;

Jl2pi = iJ * log(2 * M_PI);

PROTECT(ans = allocVector(REALSXP, iN));

dans = REAL(ans);

dz = REAL(z);

for (int i = 0; i < iN; i++) {

dans[i] = 0.0;

for (int j = 0; j < iJ; j++)

dans[i] += pow(dz[j], 2);

dans[i] = - 0.5 * (Jl2pi + dans[i]);

dz += iJ;

}

UNPROTECT(1);

return(ans);

}

⋄

Fragment referenced in 3.
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"lpmvnorm.c" 75≡

⟨C Header 156 ⟩
#ifndef USE_FC_LEN_T

# define USE_FC_LEN_T

#endif

#include <Rconfig.h>

#include <R_ext/BLAS.h> /* for dtrmm */

#ifndef FCONE

# define FCONE

#endif

#include <R.h>

#include <Rmath.h>

#include <Rinternals.h>

#include <Rdefines.h>

⟨ pnorm fast 80b ⟩
⟨ pnorm slow 80c ⟩
⟨R lpmvnorm 83 ⟩
⟨R slpmvnorm 94 ⟩
⋄

We implement the algorithm described by Genz (1992). The key point here is that the original
J-dimensional problem (1.1) is transformed into an integral over [0, 1]J−1.

For each i = 1, . . . , N , do

1. Input Ci (chol), ai (lower), bi (upper), and control parameters α, ϵ, and Mmax (M).
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⟨ standardise 77a ⟩ ≡

if (attr(chol, "diag")) {

### diagonals returns J x N and lower/upper are J x N, so

### elementwise standardisation is simple

dchol <- diagonals(chol)

### zero diagonals not allowed

stopifnot(all(abs(dchol) > (.Machine$double.eps)))

ac <- lower / c(dchol)

bc <- upper / c(dchol)

C <- Dchol(chol, D = 1 / dchol)

if (J > 1) { ### else: univariate problem; C is no longer used

uC <- Lower_tri(C)

} else {

uC <- unclass(C)

}

} else {

ac <- lower

bc <- upper

uC <- Lower_tri(chol)

}

⋄

Fragment referenced in 85, 97.

3. Initialise intsum = varsum = 0, M = 0, d1 = Φ
(

a
(i)
1

)

, e1 = Φ
(

b
(i)
1

)

and f1 = e1 − d1.

Here, center is the negative rescaled mean (3.2) allowing to evaluate probabilities for condi-
tional multivariate normal distributions in lpmvnorm and corresponding scores in slpmvnorm.
This feature is not present in the orginal formulation of the algorithm.

⟨ initialisation 77b ⟩ ≡

x0 = 0.0;

if (LENGTH(center))

x0 = -dcenter[0];

d0 = pnorm_ptr(da[0], x0);

e0 = pnorm_ptr(db[0], x0);

emd0 = e0 - d0;

f0 = emd0;

intsum = (iJ > 1 ? 0.0 : f0);

⋄

Fragment referenced in 83, 94.

4. Repeat

⟨ init logLik loop 77c ⟩ ≡

d = d0;

f = f0;

emd = emd0;

start = 0;

⋄

Fragment referenced in 83, 89b.
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⟨move on 80a ⟩ ≡

da += iJ;

db += iJ;

dC += p;

if (LENGTH(center)) dcenter += iJ;

⋄

Fragment referenced in 83, 94.

It turned out that calls to pnorm are expensive, so a slightly faster alternative (suggested by
Matić et al., 2018) might provide an alternative which can be requested from using (fast = TRUE

in the calls to lpmvnorm and slpmvnorm):

⟨ pnorm fast 80b ⟩ ≡

/* see https://doi.org/10.2139/ssrn.2842681 */

const double g2 = -0.0150234471495426236132;

const double g4 = 0.000666098511701018747289;

const double g6 = 5.07937324518981103694e-06;

const double g8 = -2.92345273673194627762e-06;

const double g10 = 1.34797733516989204361e-07;

const double m2dpi = -2.0 / M_PI; //3.141592653589793115998;

double C_pnorm_fast (double x, double m) {

double tmp, ret;

double x2, x4, x6, x8, x10;

if (R_FINITE(x)) {

x = x - m;

x2 = x * x;

x4 = x2 * x2;

x6 = x4 * x2;

x8 = x6 * x2;

x10 = x8 * x2;

tmp = 1 + g2 * x2 + g4 * x4 + g6 * x6 + g8 * x8 + g10 * x10;

tmp = m2dpi * x2 * tmp;

ret = .5 + ((x > 0) - (x < 0)) * sqrt(1 - exp(tmp)) / 2.0;

} else {

ret = (x > 0 ? 1.0 : 0.0);

}

return(ret);

}

⋄

Fragment referenced in 75.

⟨ pnorm slow 80c ⟩ ≡

double C_pnorm_slow (double x, double m) {

return(pnorm(x, m, 1.0, 1L, 0L));

}

⋄

Fragment referenced in 75.
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The fast argument can be used to switch on the faster but less accurate version of pnorm

⟨ pnorm 81a ⟩ ≡

Rboolean Rfast = asLogical(fast);

double (*pnorm_ptr)(double, double) = C_pnorm_slow;

if (Rfast)

pnorm_ptr = C_pnorm_fast;

⋄

Fragment referenced in 83, 94.

We allow a new set of weights for each observation or one set for all observations. In the former
case, the number of columns is M ×N and in the latter just M .

⟨W length 81b ⟩ ≡

int pW = 0;

if (W != R_NilValue) {

if (LENGTH(W) == (iJ - 1) * iM) {

pW = 0;

} else {

if (LENGTH(W) != (iJ - 1) * iN * iM)

error("Length of W incorrect");

pW = 1;

}

dW = REAL(W);

}

⋄

Fragment referenced in 83, 94.

⟨ dimensions 81c ⟩ ≡

int iM = INTEGER(M)[0];

int iN = INTEGER(N)[0];

int iJ = INTEGER(J)[0];

da = REAL(a);

db = REAL(b);

dC = REAL(C);

dW = REAL(C); // make -Wmaybe-uninitialized happy

if (LENGTH(C) == iJ * (iJ - 1) / 2)

p = 0;

else

p = LENGTH(C) / iN;

⋄

Fragment referenced in 83, 94.
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⟨ setup return object 82a ⟩ ≡

len = (RlogLik ? 1 : iN);

PROTECT(ans = allocVector(REALSXP, len));

dans = REAL(ans);

for (int i = 0; i < len; i++)

dans[i] = 0.0;

⋄

Fragment referenced in 83.

The case J = 1 does not loop over M

⟨ univariate problem 82b ⟩ ≡

if (iJ == 1) {

iM = 0;

lM = 0.0;

} else {

lM = log((double) iM);

}

⋄

Fragment referenced in 83.

⟨ init center 82c ⟩ ≡

dcenter = REAL(center);

if (LENGTH(center)) {

if (LENGTH(center) != iN * iJ)

error("incorrect dimensions of center");

}

⋄

Fragment referenced in 83, 94.

We put the code together in a dedicated C function

⟨R slpmvnorm variables 82d ⟩ ≡

SEXP ans;

double *da, *db, *dC, *dW, *dans, dtol = REAL(tol)[0];

double *dcenter;

double mdtol = 1.0 - dtol;

double d0, e0, emd0, f0, q0;

⋄

Fragment referenced in 83, 94.
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⟨R lpmvnorm 83 ⟩ ≡

SEXP R_lpmvnorm(SEXP a, SEXP b, SEXP C, SEXP center, SEXP N, SEXP J,

SEXP W, SEXP M, SEXP tol, SEXP logLik, SEXP fast) {

⟨R slpmvnorm variables 82d ⟩
double l0, lM, x0, intsum;

int p, len;

Rboolean RlogLik = asLogical(logLik);

⟨ pnorm 81a ⟩
⟨ dimensions 81c ⟩
⟨W length 81b ⟩
⟨ init center 82c ⟩

int start, j, k;

double tmp, Wtmp, e, d, f, emd, x, y[(iJ > 1 ? iJ - 1 : 1)];

⟨ setup return object 82a ⟩

q0 = qnorm(dtol, 0.0, 1.0, 1L, 0L);

l0 = log(dtol);

⟨ univariate problem 82b ⟩

if (W == R_NilValue)

GetRNGstate();

for (int i = 0; i < iN; i++) {

x0 = 0;

⟨ initialisation 77b ⟩

if (W != R_NilValue && pW == 0)

dW = REAL(W);

for (int m = 0; m < iM; m++) {

⟨ init logLik loop 77c ⟩
⟨ inner logLik loop 79b ⟩
⟨ increment 79c ⟩

if (W != R_NilValue)

dW += iJ - 1;

}

⟨ output 79d ⟩
⟨move on 80a ⟩

}

if (W == R_NilValue)

PutRNGstate();

UNPROTECT(1);

return(ans);

}

⋄

Fragment referenced in 75.
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⟨ lpmvnorm 85 ⟩ ≡

lpmvnorm <- function(lower, upper, mean, invcholmean, center = NULL, chol, invchol,

logLik = TRUE, M = NULL, w = NULL, seed = NULL,

tol = .Machine$double.eps, fast = FALSE) {

⟨ init random seed, reset on exit 84a ⟩
⟨Cholesky of precision 84c ⟩
⟨ input checks 76 ⟩
⟨ standardise 77a ⟩
⟨ check and / or set integration weights 84b ⟩

ret <- .Call(mvtnorm_R_lpmvnorm, ac, bc, uC, as.double(center),

as.integer(N), as.integer(J), w, as.integer(M), as.double(tol),

as.logical(logLik), as.logical(fast));

return(ret)

}

⋄

Fragment referenced in 74.

Coming back to our simple example, we get (with 25000 simple Monte-Carlo iterations)

> phat

[1] 0.2369 0.2337 0.2842 0.3915 0.4662 0.0000 0.5901 0.4619 0.4873 0.0000

> exp(lpmvnorm(a, b, chol = lx, M = 25000, logLik = FALSE, fast = TRUE))

[1] 2.367e-01 2.341e-01 2.835e-01 3.939e-01 4.658e-01 8.882e-21 5.911e-01

[8] 4.598e-01 4.879e-01 8.882e-21

> exp(lpmvnorm(a, b, chol = lx, M = 25000, logLik = FALSE, fast = FALSE))

[1] 2.377e-01 2.372e-01 2.832e-01 3.875e-01 4.660e-01 8.882e-21 5.895e-01

[8] 4.624e-01 4.871e-01 8.882e-21

Next we generate some data and compare our implementation to pmvnorm using quasi-Monte-
Carlo integration. The pmvnorm function uses randomised Korobov rules. The experiment here
applies generalised Halton sequences. Plain Monte-Carlo (w = NULL) will also work but produces
more variable results. Results will depend a lot on appropriate choices and it is the user’s respon-
sibility to make sure things work as intended. If you are unsure, you should use pmvnorm which
provides a well-tested configuration.

> M <- 10000L

> if (require("qrng", quietly = TRUE)) {

+ ### quasi-Monte-Carlo

+ W <- t(ghalton(M, d = J - 1))

+ } else {

+ ### Monte-Carlo

+ ### byrow = TRUE because adding / removing dimensions

+ ### keeps the MC points for the remaining dimensions constant

+ W <- matrix(runif(M * (J - 1)), nrow = J - 1, byrow = TRUE)

+ }

> ### Genz & Bretz, 2002, without early stopping (really?)

> pGB <- lpmvnormR(a, b, chol = lx, logLik = FALSE,

+ algorithm = GenzBretz(maxpts = M, abseps = 0, releps = 0))
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4.2 Score Function

In addition to the log-likelihood, we would also like to have access to the scores with respect to
Ci. Because every element of Ci only enters once, the chain rule rules, so to speak.

We need the derivatives of d, e, y, and f with respect to the c parameters

⟨ chol scores 87a ⟩ ≡

double dp_c[Jp], ep_c[Jp], fp_c[Jp], yp_c[(iJ > 1 ? iJ - 1 : 1) * Jp];

⋄

Fragment referenced in 88a.

and the derivates with respect to the mean

⟨mean scores 87b ⟩ ≡

double dp_m[Jp], ep_m[Jp], fp_m[Jp], yp_m[(iJ > 1 ? iJ - 1 : 1) * Jp];

⋄

Fragment referenced in 88a.

and the derivates with respect to lower (a)

⟨ lower scores 87c ⟩ ≡

double dp_l[Jp], ep_l[Jp], fp_l[Jp], yp_l[(iJ > 1 ? iJ - 1 : 1) * Jp];

⋄

Fragment referenced in 88a.

and the derivates with respect to upper (b)

⟨ upper scores 87d ⟩ ≡

double dp_u[Jp], ep_u[Jp], fp_u[Jp], yp_u[(iJ > 1 ? iJ - 1 : 1) * Jp];

⋄

Fragment referenced in 88a.

and we start allocating the necessary memory. The output object contains the likelihood contri-
butions (first row), the scores with respect to the mean (next J rows), with respect to the lower
integration limits (next J rows), with respect to the upper integration limits (next J rows) and
finally with respect to the off-diagonal elements of the Cholesky factor (last J(J − 1)/2 rows).
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⟨ score output object 88a ⟩ ≡

int Jp = iJ * (iJ + 1) / 2;

⟨ chol scores 87a ⟩
⟨mean scores 87b ⟩
⟨ lower scores 87c ⟩
⟨ upper scores 87d ⟩
double dtmp, ndtmp, etmp, netmp, Wtmp, ytmp, xx;

PROTECT(ans = allocMatrix(REALSXP, Jp + 1 + 3 * iJ, iN));

dans = REAL(ans);

for (j = 0; j < LENGTH(ans); j++) dans[j] = 0.0;

⋄

Fragment referenced in 94.

For each i = 1, . . . , N , do

1. Input Ci (chol), ai (lower), bi (upper), and control parameters α, ϵ, and Mmax (M).

2. Standardise integration limits a
(i)
j /c

(i)
jj , b

(i)
j /c

(i)
jj , and rows c

(i)
jȷ /c

(i)
jj for 1 ≤ ȷ < j < J .

Note: We later need derivatives wrt c
(i)
jj , so we compute derivates wrt a

(i)
j and b

(i)
j and

post-differentiate later.

3. Initialise intsum = varsum = 0, M = 0, d1 = Φ
(

a
(i)
1

)

, e1 = Φ
(

b
(i)
1

)

and f1 = e1 − d1.

We start initialised the score wrt to c
(i)
11 (the parameter is non-existent here due to standard-

isation)

⟨ score c11 88b ⟩ ≡

if (LENGTH(center)) {

dp_c[0] = (R_FINITE(da[0]) ? dnorm(da[0], x0, 1.0, 0L) * (da[0] - x0 - dcenter[0]) : 0);

ep_c[0] = (R_FINITE(db[0]) ? dnorm(db[0], x0, 1.0, 0L) * (db[0] - x0 - dcenter[0]) : 0);

} else {

dp_c[0] = (R_FINITE(da[0]) ? dnorm(da[0], x0, 1.0, 0L) * (da[0] - x0) : 0);

ep_c[0] = (R_FINITE(db[0]) ? dnorm(db[0], x0, 1.0, 0L) * (db[0] - x0) : 0);

}

fp_c[0] = ep_c[0] - dp_c[0];

⋄

Fragment referenced in 89b, 94.

⟨ score a, b 89a ⟩ ≡

dp_m[0] = (R_FINITE(da[0]) ? dnorm(da[0], x0, 1.0, 0L) : 0);

ep_m[0] = (R_FINITE(db[0]) ? dnorm(db[0], x0, 1.0, 0L) : 0);

dp_l[0] = dp_m[0];

ep_u[0] = ep_m[0];

dp_u[0] = 0;

ep_l[0] = 0;

fp_m[0] = ep_m[0] - dp_m[0];

fp_l[0] = -dp_m[0];

fp_u[0] = ep_m[0];

⋄

Fragment referenced in 89b, 94.
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4. Repeat

⟨ init score loop 89b ⟩ ≡

⟨ init logLik loop 77c ⟩
⟨ score c11 88b ⟩
⟨ score a, b 89a ⟩
⋄

Fragment referenced in 94.

(a) Generate uniform w1, . . . , wJ−1 ∈ [0, 1].

(b) For j = 2, . . . , J set

yj−1 = Φ−1 (dj−1 + wj−1(ej−1 − dj−1))

We again either generate wj−1 on the fly or use pre-computed weights (w). We first
compute the scores with respect to the already existing parameters.

⟨ update yp for chol 89c ⟩ ≡

ytmp = exp(- dnorm(y[j - 1], 0.0, 1.0, 1L)); // = 1 / dnorm(y[j - 1], 0.0, 1.0, 0L)

for (k = 0; k < Jp; k++) yp_c[k * (iJ - 1) + (j - 1)] = 0.0;

for (idx = 0; idx < (j + 1) * j / 2; idx++) {

yp_c[idx * (iJ - 1) + (j - 1)] = ytmp;

yp_c[idx * (iJ - 1) + (j - 1)] *= (dp_c[idx] + Wtmp * (ep_c[idx] - dp_c[idx]));

}

⋄

Fragment referenced in 93a.

⟨ update yp for means, lower and upper 90 ⟩ ≡

for (k = 0; k < iJ; k++)

yp_m[k * (iJ - 1) + (j - 1)] = 0.0;

for (idx = 0; idx < j; idx++) {

yp_m[idx * (iJ - 1) + (j - 1)] = ytmp;

yp_m[idx * (iJ - 1) + (j - 1)] *= (dp_m[idx] + Wtmp * (ep_m[idx] - dp_m[idx]));

}

for (k = 0; k < iJ; k++)

yp_l[k * (iJ - 1) + (j - 1)] = 0.0;

for (idx = 0; idx < j; idx++) {

yp_l[idx * (iJ - 1) + (j - 1)] = ytmp;

yp_l[idx * (iJ - 1) + (j - 1)] *= (dp_l[idx] + Wtmp * (dp_u[idx] - dp_l[idx]));

}

for (k = 0; k < iJ; k++)

yp_u[k * (iJ - 1) + (j - 1)] = 0.0;

for (idx = 0; idx < j; idx++) {

yp_u[idx * (iJ - 1) + (j - 1)] = ytmp;

yp_u[idx * (iJ - 1) + (j - 1)] *= (ep_l[idx] + Wtmp * (ep_u[idx] - ep_l[idx]));

}

⋄

Fragment referenced in 93a.
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⟨R slpmvnorm 94 ⟩ ≡

SEXP R_slpmvnorm(SEXP a, SEXP b, SEXP C, SEXP center, SEXP N, SEXP J, SEXP W,

SEXP M, SEXP tol, SEXP fast) {

⟨R slpmvnorm variables 82d ⟩
double intsum;

int p, idx, idxJ1;

⟨ dimensions 81c ⟩
⟨ pnorm 81a ⟩
⟨W length 81b ⟩
⟨ init center 82c ⟩
int start, j, k;

double tmp, e, d, f, emd, x, x0, y[(iJ > 1 ? iJ - 1 : 1)];

⟨ score output object 88a ⟩

q0 = qnorm(dtol, 0.0, 1.0, 1L, 0L);

/* univariate problem */

if (iJ == 1) iM = 0;

if (W == R_NilValue)

GetRNGstate();

for (int i = 0; i < iN; i++) {

⟨ initialisation 77b ⟩
⟨ score c11 88b ⟩
⟨ score a, b 89a ⟩
⟨ init dans 93c ⟩

if (W != R_NilValue && pW == 0)

dW = REAL(W);

for (int m = 0; m < iM; m++) {

⟨ init score loop 89b ⟩
⟨ inner score loop 93a ⟩
⟨ score output 93b ⟩
if (W != R_NilValue)

dW += iJ - 1;

}

⟨move on 80a ⟩
dans += Jp + 1 + 3 * iJ;

}

if (W == R_NilValue)

PutRNGstate();

UNPROTECT(1);

return(ans);

}

⋄

Fragment referenced in 75.

The R code is now essentially identical to lpmvnorm, however, we need to undo the effect of
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⟨C Header 156 ⟩ ≡

/*

Copyright (C) 2022- Torsten Hothorn

This file is part of the 'mvtnorm' R add-on package.

'mvtnorm' is free software: you can redistribute it and/or modify

it under the terms of the GNU General Public License as published by

the Free Software Foundation, version 2.

'mvtnorm' is distributed in the hope that it will be useful,

but WITHOUT ANY WARRANTY; without even the implied warranty of

MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the

GNU General Public License for more details.

You should have received a copy of the GNU General Public License

along with 'mvtnorm'. If not, see <http://www.gnu.org/licenses/>.

DO NOT EDIT THIS FILE

Edit 'lmvnorm_src.w' and run 'nuweb -r lmvnorm_src.w'

*/

⋄

Fragment referenced in 3, 75.
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⟨ standardise 77a ⟩ Referenced in 85, 97.

⟨ standardize 118 ⟩ Referenced in 74.

⟨ subset ltMatrices 15 ⟩ Referenced in 2.

⟨ syMatrices 6b ⟩ Referenced in 2.

⟨ tcrossprod ltMatrices 37 ⟩ Referenced in 2.

⟨ univariate problem 82b ⟩ Referenced in 83.

⟨ update d, e 78c ⟩ Referenced in 79b, 93a.

⟨ update f 79a ⟩ Referenced in 79b, 93a.

⟨ update score for chol 92a ⟩ Referenced in 93a.

⟨ update score means, lower and upper 92b ⟩ Referenced in 93a.

⟨ update yp for chol 89c ⟩ Referenced in 93a.

⟨ update yp for means, lower and upper 90 ⟩ Referenced in 93a.

⟨ upper scores 87d ⟩ Referenced in 88a.

⟨W length 81b ⟩ Referenced in 83, 94.
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