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Chapter 1

Introduction

This document describes an implementation of Genz (1992) and, partially, of Genz and Bretz
(2002), for the evaluation of N multivariate .J-dimensional normal probabilities

b.
! 1
pi(Ci | ai,b;) = P(a; < Y; < b, | C;) = (2r) "2 det(C;)~* eXp —3y C; Cl'y dy (1.1
aj
where a; = (af),...,a(j)) R’7 and b; = (bgi),...,bgi)) R’ are integration limits, C;, =
(c§§)) R7>*7 is a lower triangular matrix with cf]’) =0forl <j << J, and thus Y;
NJ(0J7CiCi ) fori = 1,...,N.

One application of these integrals is the estimation of the Cholesky factor C of a J-dimensional
normal distribution based on N interval-censored observations Yq,...,Y; (encoded by a and b)
via maximume-likelihood

) N
C = argmax  log(p;(C | a;, b;)).
C =1

In other applications, the Cholesky factor might also depend on 4 in some structured way.

Function pmvnorm in package mvtnorm computes p; based on the covariance matrix C;C, .
However, the Cholesky factor C; of the given covariance matrix is computed in FORTRAN first
each time this function is called. Function pmvnorm is not vectorised over : = 1,..., N and thus
separate calls to this function are necessary in order to compute likelihood contributions.

The implementation described here is a re-implementation (in R and C) of Alan Genz’ origi-
nal FORTRAN code, focusing on e cient computation of the log-likelihood f;llog(pi) and the
corresponding score function.

The document first describes a class and some useful methods for dealing with multiple lower
triangular matrices C;,7 = 1,..., N in Chapter 2. The multivariate normal log-likelihood, and
the corresponding score function, is implemented as outlined in Chapter 3. An example demon-
strating maximum-likelihood estimation of Cholesky factors in the presence of interval-censored
observations is discussed in Chapter 4. \We use the technology developed here to implement the log-
likelihood and score function for situations where some variables have been observed exactly and
others only in form of interval-censoring in Chapter 5 and for nonparametric maximum-likelihood
estimation in unstructured Gaussian copulae in Chapter 6. An attempt to provide useRs with a
simple and (hopefully) bullet proof interface is documented in Chapter 7.

The development of this infrastructure was motivated by the necessity to evaluate probabili-
ties (1.1) arising in the likelihood of multivariate conditional transformation models (Klein et al.,
2022) for discrete or censored observations. Some forms of the likelihood for such nonparanormal
models are discussed in Hothorn (2024).



Chapter 2

Lower Triangular Matrices

"ltMatrices.R" 2=

R Header 136

ItMatrices 6a

syMatrices 6b

dim ItMatrices 6¢
dimnames ItMatrices 7a
names ItMatrices 7b
is.ItMatrices 7c
as.ltMatrices 114b

print ItMatrices 11

reorder ItMatrices 12
subset ItMatrices 14

lower triangular elements 17
diagonals ItMatrices 19
diagonal matrix 22

mult ItMatrices 23a

mult syMatrices 27

solve ItMatrices 31

logdet ItMatrices 33b
tcrossprod ItMatrices 37
crossprod ItMatrices 38
chol syMatrices 39

add diagonal elements 20
assign diagonal elements 21
kronecker vec trick 44
convenience functions 48
aperm 51a, ...

marginal 52b

conditional 55

check obs 57b
colSumsdnorm ItMatrices 58b























































































































































































Chapter 3

Multivariate Normal Log-likelihoods

We now discuss code for evaluating the log-likelihood

N
log(pi(Ci | ai, b;))
=1
This is relatively simple to achieve using the existing pmvnorm function, so a prototype might
look like

IpmvnormR 63 =
IpmvnormR <- function(lower, upper, mean = 0, center = NULL, chol, logLik = TRUE, ...) {
input checks 66

sigma <- Tcrossprod(chol)
S <- as.array(sigma)
idx <- 1

ret <- error <- numeric(N)
for (i in 1:N) {
if (dim(sigma)[[1L]] > 1) idx <- i
tmp <- pmvnorm(lower = lower[,i], upper = upper[,i], sigma = S[,,idx], .-.)
ret[i] <- tmp
error[i] <- attr(tmp, "error™)

}

attr(ret, "error") <- error

if (logLik)
return(sum(log(pmax(ret, .Machine$double.eps))))

ret

}

Fragment never referenced.

However, the underlying FORTRAN code first computes the Cholesky factor based on the
covariance matrix, which is clearly a waste of time. Repeated calls to FORTRAN also cost some
time. The code (based on and evaluated in Genz and Bretz, 2002) implements a specific form
of quasi-Monte-Carlo integration without allowing the user to change the scheme (or to fall-back
to simple Monte-Carlo). We therefore implement our own simplified version, with the aim to
speed-things up such that maximum-likelihood estimation becomes a bit faster.

63



Let’s look at an example first. This code estimates p1, ..., p1o for a 5-dimensional normal

J <- 5L

N <- 10L

X <- matrix(runif(N*J * (J + 1) / 2), ncol = N)

Ix <- ItMatrices(x, byrow = TRUE, diag = TRUE)

a <- matrix(runif(N * J), nrow = J) - 2

a[sample(d * N)[1:2]] <- -Inf

b <-a+ 2 + matrix(runif(N * J), nrow = J)

b[sample(d * N)[1:2]] <- Inf

(phat <- c(IpmvnormR(a, b, chol = Ix, logLik = FALSE)))

[1] 0.2369 0.2337 0.2842 0.3915 0.4662 0.0000 0.5901 0.4619 0.4873 0.0000

We want to achieve the same result a bit more general and a bit faster, by making the code
more modular and, most importantly, by providing score functions for all arguments a;, b;, and
C;.

V VV VYV VYV VYV

3.1 Algorithm

"Ipmvnorm.R" 64=

R Header 136
Ipmvnorm 75
slpmvnorm 87
Idmvnorm 57a
sldmvnorm 61
Idpmvnorm 99
sldpmvnorm 101
deperma 106
standardize 108
destandardize 110
IPRR 133

sIpRR 134

"lpmvnorm.c" 65=

C Header 137

#ifndef USE_FC_LEN_ T
# define USE_FC LEN_T
#endif
#include <Rconfig.h>
#include <R_ext/BLAS.h> /* for dtrmm */
#ifndef FCONE
# define FCONE
#endif
#include <R.h>
#include <Rmath.h>
#include <Rinternals._h>
#include <Rdefines.h>
pnorm fast 70b

pnorm slow 70c

R Ipmvnorm 73

R slpmvnorm 84

64


















































































































































































































Chapter 9

Package Infrastructure

R Header 136 =

Hitt Copyright (C) 2022- Torsten Hothorn

ittt

HitHt This file is part of the "mvtnorm®™ R add-on package.

it

i "mvtnorm® is free software: you can redistribute it and/or modify
HiHt it under the terms of the GNU General Public License as published by
i the Free Software Foundation, version 2.

ittt

HitHt "mvtnorm® is distributed in the hope that it will be useful,

HitHt but WITHOUT ANY WARRANTY; without even the implied warranty of
Hitt MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the

#itt GNU General Public License for more details.

it

i You should have received a copy of the GNU General Public License
HitHt along with "mvtnorm®. If not, see <http://www.gnu.org/licenses/>.
it

it

HHH DO NOT EDIT THIS FILE

it

it Edit "Imvnorm_src.w® and run "nuweb -r Imvnorm_src.w"

Fragment referenced in 2, 64.
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