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Abstract

The classical Poisson, geometric and negative binomial regression models for count
data belong to the family of generalized linear models and are available at the core of
the statistics toolbox in the R system for statistical computing. After reviewing the
conceptual and computational features of these methods, a new implementation of hurdle
and zero-inflated regression models in the functions hurdle() and zeroinfl() from the
package pscl is introduced. It re-uses design and functionality of the basic R functions
just as the underlying conceptual tools extend the classical models. Both hurdle and zero-
inflated model, are able to incorporate over-dispersion and excess zeros—two problems
that typically occur in count data sets in economics and the social sciences—better than
their classical counterparts. Using cross-section data on the demand for medical care, it is
illustrated how the classical as well as the zero-augmented models can be fitted, inspected
and tested in practice.
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1. Introduction

Modeling count variables is a common task in economics and the social sciences. The classical
Poisson regression model for count data is often of limited use in these disciplines because
empirical count data sets typically exhibit over-dispersion and/or an excess number of zeros.
The former issue can be addressed by extending the plain Poisson regression model in various
directions: e.g., using sandwich covariances or estimating an additional dispersion parameter
(in a so-called quasi-Poisson model). Another more formal way is to use a negative bino-
mial (NB) regression. All of these models belong to the family of generalized linear models
(GLMs, see Nelder and Wedderburn 1972; McCullagh and Nelder 1989). However, although
these models typically can capture over-dispersion rather well, they are in many applications
not sufficient for modeling excess zeros. Since Mullahy (1986) and Lambert (1992) there is in-
creased interest, both in the econometrics and statistics literature, in zero-augmented models
that address this issue by a second model component capturing zero counts. Hurdle models
(Mullahy 1986) combine a left-truncated count component with a right-censored hurdle com-
ponent. Zero-inflation models (Lambert 1992) take a somewhat different approach: they are
mixture models that combine a count component and a point mass at zero. An overview of
count data models in econometrics, including hurdle and zero-inflated models, is provided in
Cameron and Trivedi (1998, 2005).

In R (R Development Core Team 2008), GLMs are provided by the model fitting functions
gIm() (Chambers and Hastie 1992) in the stats package and glm.nb() in the MASS package
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(Venables and Ripley 2002) along with associated methods for diagnostics and inference. Here,
we discuss the implementation of hurdle and zero-inflated models in the functions hurdle()
and zeroinfl() in the pscl package (Jackman 2008), available from the Comprehensive R
Archive Network (CRAN) at http://CRAN.R-project.org/package=pscl. The design of
both modeling functions as well as the methods operating on the associated fitted model
objects follows that of the base R functionality so that the new software integrates easily into
the computational toolbox for modeling count data in R.

The remainder of this paper is organized as follows: Section 2 discusses both the classical
and zero-augmented count data models and their R implementations. In Section 3, all count
regression models discussed are applied to a microeconomic cross-section data set on the
demand for medical care. The summary in Section 4 concludes the main part of the paper;
further technical details are presented in the appendix.

2. Models and software

In this section, we briefly outline the theory and its implementation in R (R Development
Core Team 2008) for some basic count data regression models as well as their zero-augmented
extensions (see Table 1 for an overview). The classical Poisson, geometric and negative
binomial models are described in a generalized linear model (GLM) framework; they are
implemented in R by the gIm() function (Chambers and Hastie 1992) in the stats package
and the gIm_nb() function in the MASS package (Venables and Ripley 2002). The hurdle
and zero-inflated extensions of these models are provided by the functions hurdle() and
zeroinfl () in package pscl (Jackman 2008). The original implementation of Jackman (2008)
was improved by Kleiber and Zeileis (2008) for pscl to make the fitting functions and the fitted

Type Distribution | Method | Description
GLM Poisson ML Poisson regression: classical GLM, estimated
by maximum likelihood (ML)
quasi “quasi-Poisson regression”: same mean func-

tion, estimated by quasi-ML (QML) or
equivalently generalized estimating equa-
tions (GEE), inference adjustment via esti-
mated dispersion parameter

adjusted | “adjusted Poisson regression”: same mean
function, estimated by QML/GEE, inference
adjustment via sandwich covariances

NB ML NB regression: extended GLM, estimated by
ML including additional shape parameter
zero-augmented | Poisson ML zero-inflated Poisson (ZIP), hurdle Poisson
NB ML zero-inflated NB (ZINB), hurdle NB

Table 1: Overview of discussed count regression models. All GLMs use the same log-linear
mean function (log() = X B) but make different assumptions about the remaining likelihood.
The zero-augmented models extend the mean function by modifying (typically, increasing)
the likelihood of zero counts.
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links such as the probit are also available. The full set of parameters of B, y, and potentially
the dispersion parameter 8 (if a negative binomial count model is used) can be estimated by
ML. Inference is typically performed for B and y, while 8 is treated as a nuisance parameter
even if a negative binomial model is used.

In R, zero-inflated count data models can be fitted with the zeroinfl() function from the
pscl package. Both the fitting function interface and the returned model objects of class
“zeroinfl” are almost identical to the corresponding hurdle() functionality and again mod-
elled after the corresponding GLM functionality in R. The arguments of zeroinfl () are given
by

zeroinfl(formula, data, subset, na.action, weights, offset,
dist = "poisson”, link = "logit", control = zeroinfl.control(...),
model = TRUE, y = TRUE, x = FALSE, ...)

where all arguments have almost the same meaning as for hurdle(). The main difference is
that there is no zero.dist argument: a binomial model is always used for distribution in the
zero-inflation component.

Again, ML estimates of all parameters are obtained from optim(), with control options set
in zeroinfl.control() and employing analytical gradients. Starting values can be user-
supplied, estimated by the expectation maximization (EM) algorithm, or by glm.fit() (the
default). The covariance matrix estimate is derived numerically using the Hessian matrix
returned by optim(). Using EM estimation for deriving starting values is typically slower
but can be numerically more stable. It already maximizes the likelihood, but a single optim()
iteration is used for determining the covariance matrix estimate. See Appendix B for further
technical details.

The returned fitted model object is of class “zeroinfl” whose structure is virtually identical
to that of “hurdle” models. As above, a set of standard extractor functions for fitted model
objects is available for objects of class “zeroinfl”, including the usual summary() method that
provides partial Wald tests for all coefficients. Again, no anova() method is provided, but the
general functions coeftest() and waldtest() from Imtest, as well as IinearHypothesis()
from car can be used for Wald tests, and Irtest() from Imtest for LR tests of nested models.

3. Application and illustrations

In the following, we illustrate all models described above by applying them to a cross-sectional
data set from health economics. Before the parametric models are fitted, a basic exploratory
analysis of the data set is carried out that addresses some problems typically encountered when
visualizing count data. At the end of the section, all fitted models are compared highlighting
that the modelled mean function is similar but the fitted likelihood is different and thus, the
models differ with respect to explaining over-dispersion and/or the number of zero counts.

3.1. Demand for medical care by the elderly

Deb and Trivedi (1997) analyze data on 4406 individuals, aged 66 and over, who are covered
by Medicare, a public insurance program. Originally obtained from the US National Medical
Expenditure Survey (NMES) for 1987/88, the data are available from the data archive of
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in the data is captured better by the negative-binomial-based models than the plain Poisson
model. Additionally, it is of interest how the zero counts are captured by the various models.
Therefore, the observed zero counts are compared to the expected number of zero counts for
the likelihood-based models:

R> round(c(*'Obs" = sum(dt$ofp < 1),
+  "ML-Pois" = sum(dpois(0, fitted(fm pois))),

+  "NB" = sum(dnbinom(0, mu = fitted(fm_nbin), size = fm_nbin$theta)),
+  "NB-Hurdle" = sum(predict(fm_hurdle, type = "prob™)[,1]),
+  "ZINB" = sum(predict(fm_zinb, type = "prob™)[,1])))

Obs  ML-Pois NB NB-Hurdle ZINB

683 47 608 683 709

Thus, the ML Poisson model is again not appropriate whereas the negative-binomial-based
models are much better in modeling the zero counts. By construction, the expected number
of zero counts in the hurdle model matches the observed number.

In summary, the hurdle and zero-inflation models lead to the best results (in terms of like-
lihood) on this data set. Above, their mean function for the count component was already
shown to be very similar, below we take a look at the fitted zero components:

R> t(sapply(fm[4:5], function(x) round(x$coefficients$zero, digits = 3)))

(Intercept) hosp numchron privinsyes school gendermale
Hurdle-NB 0.016 0.318 0.548 0.746 0.057 -0.419
ZINB -0.047 -0.800 -1.248 -1.176 -0.084 0.648

This shows that the absolute values are rather different—which is not surprising as they
pertain to slightly different ways of modeling zero counts—but the signs of the coefficients
match, i.e., are just inversed. For the hurdle model, the zero hurdle component describes
the probability of observing a positive count whereas, for the ZINB model, the zero-inflation
component predicts the probability of observing a zero count from the point mass component.
Overall, both models lead to the same qualitative results and very similar model fits. Perhaps
the hurdle model is slightly preferable because it has the nicer interpretation: there is one
process that controls whether a patient sees a physician or not, and a second process that
determines how many office visits are made.

4. Summary

The model frame for basic count data models from the GLM framework as well as their
implementation in the R system for statistical computing is reviewed. Starting from these
basic tools, it is presented how hurdle and zero-inflated models extend the classical models
and how likewise their R implementation in package pscl re-uses design and functionality
of the corresponding R software. Hence, the new functions hurdle() and zeroinfl() are
straightforward to apply for model fitting. Additionally, standard methods for diagnostics
are provided and generic inference tools from other packages can easily be re-used.
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Computational details

The results in this paper were obtained using R 3.3.0 with the packages MASS 7.3-40,
pscl 1.4.9, sandwich 2.3-3, car 2.0-25, Imtest 0.9-33. R itself and all packages used are
available from CRAN at http://CRAN_R-project.org/.
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A. Technical details for hurdle models

The fitting of hurdle models via ML in hurdle() is controlled by the arguments in the
hurdle.control () wrapper function:

hurdle.control (method = "BFGS", maxit = 10000, trace = FALSE,
separate = TRUE, start = NULL, ...)

This modifies some default arguments passed on to the optimizer optim(), such as method,
maxit and trace. The latter is also used within hurdle() and can be set to produce more
verbose output concerning the fitting process. The argument separate controls whether the
two components of the model are optimized separately (the default) or not. This is possible
because there are no mixed sources for the zeros in the data (unlike in zero-inflation models).
The argument start controls the choice of starting values for calling optim(), all remaining
arguments passed through ... are directly passed on to optim().

By default, starting values are estimated by calling glm.fit() for both components of the
model separately, once for the counts and once for zero vs. non-zero counts. If starting values
are supplied, start needs to be set to a named list with the parameters for the $count and
$zero part of the model (and potentially a $theta dispersion parameter if a negative binomial
distribution is used).

The fitted model object of class “hurdle” is similar to “gIm” objects and contains sufficient
information on all aspects of the fitting process. In particular, the estimated parameters
and associated covariances are included as well as the result from the optim() call. Further-
more, the call, formula, terms structure etc. is contained, potentially also the model frame,
dependent variable and regressor matrices.

Following gIlm.nb(), the 8 parameter of the negative binomial distribution is treated as a
nuisance parameter. Thus, the $coefficients component of the fitted model object just
contains estimates of B and y while the estimate of 8 and its standard deviation (on a log
scale) are kept in extra list elements $theta and $SE. logtheta.

B. Technical details for zero-inflated models

Both the interface of the zeroinfl() function as well as its fitted model objects are virtually
identical to the corresponding “hurdle” functionality. Hence, we only provide some additional
information for those aspects that differ from those discussed above. The details of the ML
optimization are again provided by a zeroinfl.control () wrapper:

zeroinfl.control (method = "BFGS", maxit = 10000, trace = FALSE,
EM = FALSE, start = NULL, ...)

The only new argument here is the argument EM which allows for EM estimation of the starting
values. Instead of calling gIm.Fit() only once for both components of the model, this process
can be iterated until convergence of the parameters to the ML estimates. The optimizer is
still called subsequently (for a single iteration) to obtain the Hessian matrix from which the
estimated covariance matrix can be computed.
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