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Abstract

The multi-state Markov model is a useful way of describing a process in which an individual
moves through a series of states in continuous time. The msm package for R allows a general
multi-state model to be fitted to longitudinal data. Data often consist of observations of the process
at arbitrary times, so that the exact times when the state changes are unobserved. For example,
the progression of chronic diseases is often described by stages of severity, and the state of the
patient may only be known at doctor or hospital visits. Features of msm include the ability to
model transition rates and hidden Markov output models in terms of covariates, and the ability to
model data with a variety of observation schemes, including censored states.

Hidden Markov models, in which the true path through states is only observed through some
error-prone marker, can also be fitted. The observation is generated, conditionally on the underly-
ing states, via some distribution. An example is a screening misclassification model in which states
are observed with error. More generally, hidden Markov models can have a continuous response,
with some arbitrary distribution, conditionally on the underlying state.

This manual introduces the theory behind multi-state Markov and hidden Markov models, and
gives a tutorial in the typical use of the msm package, illustrated by some typical applications to
modelling chronic diseases.

Much of the material in this manual is published, in a more concise form, in Journal of Statis-
tical Software (2011) 38(8):1-29, http://www.jstatsoft.org/v38/i08/
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1 Multi-state models

1.1 Introduction

Figure~1 illustrates a multi-state model in continuous time. Its four states are labelled 1, 2, 3, 4. Ata
time ¢ the individual is in state S(¢). The arrows show which transitions are possible between states.
The next state to which the individual moves, and the time of the change, are governed by a set of
transition intensities ¢, (¢, z(t)) for each pair of states r and s. The intensities may also depend on
the time of the process ¢, or more generally a set of individual-specific or time-varying explanatory
variables z(t). The intensity represents the instantaneous risk of moving from state r to state s:

Qrs(t, 2(t)) = 61tir!nOP(S(t +0t) =s|S(t) =r)/dt 1)

The intensities form a matrix @@ whose rows sum to zero, so that the diagonal entries are defined by
qrr = — Zs@:r qrs-

To fit a multi-state model to data, we estimate this transition intensity matrix. We concentrate on
Markov models here. The Markov assumption is that future evolution only depends on the current
state. That is, ¢.s(¢, z(t), F%) is independent of F;, the observation history F; of the process up to
the time preceding ¢. See, for example, Cox and Miller[1] for a thorough introduction to the theory
of continuous-time Markov chains.

In a continuous-time Markov model, a single period of occupancy (or sojourn time) in state » has
an exponential distribution, with rate given by —g,.,., (or mean —1/¢,..). The remaining elements of
the rth row of Q are proportional to the probabilities governing the next state after » to which the
individual makes a transition. The probability that the individual’s next move from state r is to state

s is _qTS/QT‘T‘-

1.2 Disease progression models

The development of the msm package was motivated by applications to disease modelling. Many
chronic diseases have a natural interpretation in terms of staged progression. Multi-state Markov
models in continuous time are often used to model the course of diseases. A commonly-used model
is illustrated in Figure~2. This represents a series of successively more severe disease stages, and an
‘absorbing’ state, often death. The patient may advance into or recover from adjacent disease stages,
or die at any disease stage. Observations of the state S;(¢) are made on a number of individuals 4 at
arbitrary times ¢, which may vary between individuals. The stages of disease may be modelled as a
homogeneous continuous-time Markov process, with a transition matrix @, pictured below Figure~2.

A commonly-used model is the illness-death model, with three states representing health, illness
and death (Figure~3). Transitions are permitted from health to illness, illness to death and health to
death. Recovery from illness to health is sometimes also considered.

A wide range of medical situations have been modelled using multi-state methods, for exam-
ple, screening for abdominal aortic aneurysms (Jackson et al.[2]), problems following lung trans-
plantation (Jackson and Sharples[3]), problems following heart transplantation (Sharples[4], Klotz
and Sharples[5]), hepatic cancer (Kay[6]), HIV infection and AIDS (Longini et al.[7], Satten and
Longini[8], Guihenneuc-Jouyaux et al.[9], Gentleman et al.[10]), diabetic complications (Marshall
and Jones[11], Andersen[12]), breast cancer screening (Duffy and Chen[13], Chen et al.[14]), cer-
vical cancer screening (Kirby and Spiegelhalter[15]) and liver cirrhosis (Andersen et al.[16]). Many



of these references also describe the mathematical theory, which will be reviewed in the following
sections.

1.3 Arbitrary observation times

Longitudinal data from monitoring disease progression are often incomplete in some way. Usually
patients are seen at intermittent follow-up visits, at which monitoring information is collected, but
information from the periods between visits is not available. Often the exact time of disease onset is
unknown. Thus, the changes of state in a multi-state model usually occur at unknown times. Also a
subject may only be followed up for a portion of their disease history. A fixed observation schedule
may be specified in advance, but in practice times of visits may vary due to patient and hospital
pressures. The states of disease progression models often include death. Death times are commonly
recorded to within a day. Also observations may be censored. For example, at the end of a study, an
individual may be known only to be alive, and in an unknown state.

A typical sampling situation is illustrated in Figure~4. The individual is observed at four occa-
sions through 10 months. The final occasion is the death date which is recorded to within a day. The
only other information available is the occupation of states 2, 2, and 1 at respective times 1.5, 3.5 and
5. The times of movement between states and the state occupancy in between the observation times
are unknown. Although the patient was in state 3 between 7 and 9 months this was not observed at
all.

Informative sampling times To fit a model to longitudinal data with arbitrary sampling times we
must consider the reasons why observations were made at the given times. This is analogous to the
problem of missing data, where the fact that a particular observation is missing may implicitly give
information about the value of that observation. Possible observation schemes include:

« fixed. Each patient is observed at fixed intervals specified in advance.
« random. The sampling times vary randomly, independently of the current state of the disease.

« doctor’s care. More severely ill patients are monitored more closely. The next sampling time
is chosen on the basis of the current disease state.

« patient self-selection. A patient may decide to visit the doctor on occasions when they are in a
poor condition.

Griiger et al.~[17] discussed conditions under which sampling times are informative. If a multi-
state model is fitted, ignoring the information available in the sampling times, then inference may
be biased. Mathematically, because the sampling times are often themselves random, they should
be modelled along with the observation process X,;. However the ideal situation is where the joint
likelihood for the times and the process is proportional to the likelihood obtained if the sampling
times were fixed in advance. Then the parameters of the process can be estimated independently of
the parameters of the sampling scheme.

In particular, they showed that fixed, random and doctor’s care observation policies are not infor-
mative, whereas patient self-selection is informative.
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Figure 1: General multi-state model.
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Figure 2: General model for disease progression.
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Figure 4: Evolution of a multi-state model. The process is observed on four occasions.



1.4 Likelihood for the multi-state model

Kalbfleisch and Lawless[18] and later Kay~[6] described a general method for evaluating the likeli-
hood for a general multi-state model in continuous time, applicable to any form of transition matrix.
The only available information is the observed state at a set of times, as in Figure~4. The sampling
times are assumed to be non-informative.

Transition probability matrix The likelihood is calculated from the transition probability matrix
P(t). For a time-homogeneous process, the (r, s) entry of P(t), p,(t), is the probability of being
in state s at a time ¢ + w in the future, given the state at time w is . It does not say anything about
the time of transition from r to s, indeed the process may have entered other states between times
and ¢t + w. P(t) can be calculated by taking the matrix exponential of the scaled transition intensity
matrix (see, for example, Cox and Miller~[1]).

P(t) = Exp(tQ) (2)

The matrix exponential Exp is different from a scalar exponential. The exponential of a matrix is
defined by the same "power series” Exp(X) = 1 + X?/2! + X3/3! + ... as the scalar exponential,
except that each term X* in the series is defined by matrix products, not element-wise scalar multi-
plication. It is notoriously difficult to calculate reliably, as discussed by Moler and van Loan~[19].
For simpler models, it is feasible to calculate an analytic expression for each element of P(¢) in terms
of @. This is generally faster and avoids the potential numerical instability of calculating the matrix
exponential. Symbolic algebra sofware, such as Mathematica, can be helpful for obtaining these ex-
pressions. For example, the three-state illness-death model with no recovery has a transition intensity
matrix of

—(qi2 + q13) Q12 Q13
Q=10 —q23 Qo3
0 0 0

The corresponding time ¢ transition probabilities are

pll(t) = e (‘I12+qls)t
qia( 14e(m2tn3—a23)t)—(a12+m13)t

pi2(t) = { ( (il2+31t13 q23) E(Iu +qi3 # ng§
qiote' (9127013 G2 + Q13 = Gas
1+( giztges)e”(n12ta)t 4, a3t

pi3(t) = q12+4q13 023 Gotan g (2T @1 F g23)
(—1 4 elm2ras)t —gpot)e (92T (g15 + gi3 = go3)

p21(t) 0

paa(t) = e ¢

po3(t) = 1—e 93

psi(t) = 0

p3e(t) = 0

pas(t) = 1
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Figure 5: Two-state models fitted using analytic P(¢) matrices in msm. Implemented for all permu-
tations of state labels 1, 2.

The msm package calculates P(t) analytically for selected 2, 3, 4 and 5-state models. These models
are illustrated in Figures~5-8. For other models, P(t) is determined from the matrix exponential,
calculated using eigensystem decomposition (if eigenvalues are distinct) or a method based on Padé
approximants with scaling and squaring~[19] (if there are repeated eigenvalues). Notice that the
states are not labelled in these figures. Each graph can correspond to several different () matrices,
depending on how the states are labelled. For example, Figure 1 a) illustrates the model defined by

; —q12 q12 0 0
either Q = orQ = .
@ ( 0 0 ) @ ( a1 —¢21 >

Likelihood for intermittently-observed processes Suppose ¢ indexes M individuals. The data for
individual ¢ consist of a series of times (¢;1, . . ., t;,, ) and corresponding states (S(t:1), - .., S(tin,))-
Consider a general multi state model, with a pair of successive observed disease states S(¢;), S(t;+1)
at times ¢;,¢;41. The contribution to the likelihood from this pair of states is

Lij = pst))st;0 v — 1)) @)
This is the entry of the transition matrix P(t) at the S(¢;)th row and S(¢;41)th column, evaluated at
t=tjp1 —t;.
The full likelihood L(Q) is the product of all such terms L, ; over all individuals and all transi-
tions. It depends on the unknown transition matrix ¢, which was used to determine P(t).

Death states In observational studies of chronic diseases, it is common that the time of death is
known, but the state on the previous instant before death is unknown. If S(¢;4,1) = D is such a
death state, then the contribution to the likelihood is summed over the unknown state m on the instant
before death:

Lij =Y ps(t,)ym(tit1 — t)m.p 4)
meD

The sum is taken over all possible states rn which can be visited between S(t;) and D.

Exactly observed transition times If the times (¢;1,. .., %, ) had been the exact transition times
between the states, with no transitions between the observation times, then the contributions would
be of the form

Lij = pse,)se;) (v —t)as(t,)8(t541) )

since the state is assumed to be S(;) throughout the interval between ¢; and ¢;,, with a known
transition to state S(¢;41) at ¢;4.1. msm is restricted to Markov models, but much richer models are































































