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Abstract

This paper introduces the hypergeo package of R routines, for numerical calculation of
hypergeometric functions. The package is focussed on efficient and accurate evaluation of
the hypergeometric function over the whole of the complex plane within the constraints of
fixed-precision arithmetic. The hypergeometric series is convergent only within the unit
circle, so analytic continuation must be used to define the function outside the unit circle.
This short document outlines the numerical and conceptual methods used in the package;
and justifies the package philosophy, which is to maintain transparent and verifiable links
between the software and AMS-55. The package is demonstrated in the context of game
theory.
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1. Introduction

The geometric series
∑∞

k=0
tk with tk = zk may be characterized by its first term and the con-

stant ratio of successive terms tk+1/tk = z, giving the familiar identity
∑∞

k=0
zk = (1 − z)−1.

Observe that while the series has unit radius of convergence, the right hand side is defined
over the whole complex plane except for z = 1 where it has a pole. Series of this type may
be generalized to a hypergeometric series in which the ratio of successive terms is a rational
function of k:

tk+1

tk
=
P (k)

Q(k)

where P (k) and Q(k) are polynomials. If both numerator and denominator have been com-
pletely factored we would write

tk+1

tk
=

(k + a1)(k + a2) · · · (k + ap)

(k + b1)(k + b2) · · · (k + bq)(k + 1)
z

(the final term in the denominator is due to historical reasons), and if we require t0 = 1 then
we write

∞
∑

k=0

tkz
k = aFb

[

a1, a2, . . . , ap
b1, b2, . . . , bq

; z

]

(1)
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when defined. An absent factor is indicated with a dash; thus 0F0

[

−
−

; z

]

= ez. In most

cases of interest one finds that p = 2, q = 1 suffices. Writing a, b, c for the two upper
and one lower argument respectively, the resulting function 2F1 (a, b; c; z) is known as the
hypergeometric function. Many functions of elementary analysis are of this form; examples
would include logarithmic and trigonometric functions, Bessel functions, etc. For example,

2F1

(

1

2
, 1; 3

2
; −z2

)

= z−1 arctan z.

Michel and Stoitsov (2008) state that physical applications are “plethora”. In addition,
naturally-occuring combinatorial series frequently have a sum expressible in terms of hy-
pergeometric functions and an example from the author’s work in the field game theory is
given below.

1.1. Equivalent forms

The hypergeometric function’s series representation, namely

2F1 (a, b; c; z) =
∞

∑

k=0

(a)k (b)k
(c)k k!

zk, (a)k = Γ(a+ k)/Γ(a) (15.1.1)

has unit radius of convergence by the ratio test but the integral form

2F1 (a, b; c; z) =
Γ(c)

Γ(b)Γ(c− b)

∫

1

t=0

tb−1(1 − t)c−b−1(1 − tz)−a dt, (15.3.1)

due to Gauss, furnishes analytic continuation; it is usual to follow Riemann and define a cut
along the positive real axis from 1 to ∞ and specify continuity from below [NB: equations with
three-part numbers, as 15.1.1 and 15.3.1 above, are named for their reference in Abramowitz
and Stegun (1965)]. This is implemented as f15.3.1() in the package and exhibits surpris-
ingly accurate evaluation.

Gauss also provided a continued fraction form for the hypergeometric function [implemented
as hypergeo_contfrac() in the package] which has superior convergence rates for parts of
the complex plane at the expense of more complicated convergence properties (Cuyt et al.
2008).

2. The hypergeo package

The hypergeo package provides some functionality for the hypergeometric function; the em-
phasis is on fast vectorized R-centric code, complex z and moderate real values for the auxiliary
parameters a, b, c. The package is released under GPL-2.

Observing the slow convergence of the series representation 15.1.1, the complex behaviour
of the continued fraction representation, and the heavy computational expense of the inte-
gral representation 15.3.1, it is clear that non-trivial numerical techniques are required for a
production package.

The package implements a generalization of the method of Forrey (1997) to the complex
case. It utilizes the observation that the ratio of successive terms approaches z, and thus the
strategy adopted is to seek a transformation which reduces the modulus of z to a minimum.
Abramowitz and Stegun give the following transformations:
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