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Abstract

Hun t [1996] has implemen ted the �nite mix-

ture mo del approac h to clustering in a pro-

gram called Multimix . The program is de-

signed to cluster m ultiv ariate data with cat-

egorical and con tin uous v ariables and p ossi-

bly con taining missing v alues. In this pre-

sen tation w e describ e the approac h tak en to

the design of Multimix and ho w some of the

statistical problems w ere dealt with. As ex-

amples of the use of the program w e clus-

ter a large medical dataset and a v ersion of

Fisher's Iris data in whic h a third of the v al-

ues are randomly made `missing'.

1 INTR ODUCTION

The Multimix computer program, written in F ortran

b y Lynette Hun t, �ts a mixture of distributions to

m ultiv ariate data where the v ariables ma y b e either

con tin uous or categorical. The mo del �tted sim ulta-

neously generalises the Laten t Class mo del and the

mixture of m ultiv ariate normals mo del. Lik e either of

these mo dels Multimix can b e used to form clusters b y

the Ba y es allo cation rule. This is the in tended use of

the program, although the parameter estimates can b e

used to giv e a succinct description of the clusters.

The program is designed to encourage the use of par-

simonious mo dels that explain the asso ciations and

co v ariances b y the cluster structure; it fa v ours mix-

ture comp onen t mo dels with indep enden t v ariables.

In fact the user sp eci�es a partition of the v ariables

in to groups suc h that v ariables in di�eren t groups are

indep enden t in the comp onen t mo dels.

Use of the EM algorithm, with its view of the ob-

serv ed data as b eing notionally augmen ted b y missing

information to form the `complete data', giv es a broad

framew ork for estimation whic h is able to handle t w o

t yp es of missing information: unkno wn cluster assign-

men t and missing data. Using the metho dology of

Little and Rubin [1987] in this w a y Multimix is able to

handle missing data in a less ad ho c w a y than man y

clustering algorithms. The program runs in acceptable

time with large data matrices (sa y h undreds of obser-

v ations on tens of v ariables). Use of the missing-data

facilit y increases execution time somewhat.

2 STR UCTURE OF THE MODELS

FITTED BY Multimix

W e exp ect the data to b e in the form of an n � p

matrix of observ ations b y v ariables whic h w e regard

as a random sample from the distribution f ( x ) =
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where �

k l

consists of the parameters of the distribu-

tion f

k l

and the �

k

are the mixing prop ortions. This

form ulation includes the motiv ating examples of La-

ten t Class analysis [Aitkin et al., 1981] and mixtures

of m ultiv ariate normals [McLac hlan and Basford, 1988]

When a sub v ector con tains only a single v ariable, that

v ariable is indep enden t of all other v ariables within

eac h subp opulation. It is con v enien t to assume forms

for the f

k l

, and hence for the f

k

, that b elong to the



exp onen tial family . The mo del is then w ell suited for

maxim um lik eliho o d estimation of its parameters b y

the EM algorithm of Dempster et al. [1977].

2.1 LOCAL INDEPENDENCE

A simple case of the mo del class (2.1) o ccurs when eac h

^

x

l

consists of a single v ariable. In this case true lo cal

indep endence holds and all v ariables are indep enden t

of eac h other within eac h subp opulation, ev en though

they ma y b e strongly related within the p opulation as

a whole. A succinct description of the data ma y then

b e giv en b y rep orting the prop ortions within eac h com-

p onen t and individual distribution summary statistics

for eac h v ariable within eac h comp onen t. When all

v ariables are discrete the mo del is then kno wn as the

L atent Class Mo del.

A natural w a y to generalize the Laten t Class mo del

to m ultiv ariate data in v olving v ariables of di�eren t

kinds, discrete and con tin uous, is to consider lo cal in-

dep endence mo dels with a range of di�eren t univ ari-

ate distributions allo w ed for eac h v ariable. This kind

of mo del often leads to fairly go o d cluster assignmen ts

ev en when it do es not �t v ery w ell and the n um b er of

parameters that need to b e estimated is fairly small.

Ho w ev er it is easy to man ufacture arti�cial examples

where p o or results are obtained, suc h as elliptical clus-

ters in di�eren t orien tations.

2.2 UNSTR UCTURED MODELS

Another extreme is where w e tak e L = 1 and mak e no

assumptions ab out indep endence within clusters. This

is the case when w e seek to �t a mixture of p -v ariate

normals to the data, estimating means and co v ariance

matrices separately for eac h comp onen t.

These mo dels ma y b e w orth considering when p is

quite small, but not otherwise. Highly parameterized

mo dels are v ery di�cult to estimate unless v ery large

amoun ts of data are a v ailable. E�ectiv e failure of iden-

ti�abilit y ma y o ccur in whic h quite di�eren t parameter

v alues giv e nearly equal lik eliho o d v alues.

Another problem is that for v ariables of di�eren t t yp es

no explicit and tractable m ultiv ariate distributions

ma y b e kno wn. This is the case when within-cluster

asso ciations need to b e mo deled for sev eral categorical

and sev eral con tin uous v ariables.

2.3 MODELS SUPPOR TED IN Multimix

Only some distribution t yp es are curren tly a v ailable in

Multimix although it is hop ed to progressiv ely extend

these. Curren tly a v ailable are

1. arbitrary discrete univ ariate distributions

2. m ultiv ariate normal distributions

3. lo cation mo del distributions.

The lo cation mo del is a join t distribution of a single

categorical distribution with sev eral con tin uous v ari-

ables. Conditional on eac h v alue of the categorical

v ariable, the con tin uous v ariables follo w a m ultiv ari-

ate normal distribution. The mean v ector of the m ul-

tiv ariate normal ma y dep end on the categorical v ari-

able, but the co v ariance matrix is the same whatev er

the v alue of the categorical v ariable. See Krzano wski

[1983] for details.

The user of Multimix m ust partition the v ariables in to

groups or `sub v ectors' in suc h a manner that eac h sub-

v ector corresp onds to an a v ailable mo del. F or example

in a data set with 2 categorical v ariables and 15 con-

tin uous v ariables w e migh t divide the v ariables in to

� a group con taining a single categorical v ariable

� a group con taining a categorical v ariable and

three con tin uous v ariables

� a group con taining four con tin uous v ariables

� eigh t groups eac h con taining a single con tin uous

v ariable

these groups w ould b e asso ciated with a discrete distri-

bution, a lo cation mo del, a m ultiv ariate normal distri-

bution, and eigh t univ ariate normal distributions and

then the corresp onding Multimix mo del w ould b e a �-

nite mixture of distributions, all ha ving a join t densit y

of the same form: a pro duct of the 11 densities giv en

ab o v e.

The mo del �tting strategy for �tting a mixture that w e

emplo y is to �rst �t the mo del with full lo cal indep en-

dence (in whic h eac h sub v ector of v ariables is a single-

ton). The EM algorithm whic h is used to calculate the

maxim um lik eliho o d estimates of the parameters also

pro duces for eac h observ ation the estimated probabil-

ities ^z

ij

that the observ ation i b elongs to comp onen t

j . W e ma y `sharp en' the resultan t fuzzy classi�cation

b y allo cating eac h observ ation to the comp onen t that

it has the highest probabilit y of b elonging to. The

clusters so constructed can b e examined for within-

cluster correlations or asso ciations. The mo del ma y

then b e mo di�ed b y coarsening the partition of the

v ariables so that v ariables with within-cluster asso cia-

tions are group ed in the same partition. One di�cult y

that ma y arise is the disco v ery of within-cluster asso-

ciations in v olving more than one categorical v ariable.

These ma y b e handled b y replacing those categorical



v ariables b y a single new categorical v ariable indexing

the cells of the m ulti-w a y table that they de�ne, p os-

sibly with some appropriate p o oling of cells to reduce

the n um b er of v alues of the new v ariable.

The EM algorithm for �tting �nite mixtures [McLac h-

lan and Basford, 1988] treats the assignmen ts z

ij

of

observ ations to clusters as it they w ere missing data.

The adoption of the framew ork for Multimix means

that it has b een p ossible to extend the approac h to

cop e with missing v alues in the data as w ell as missing

cluster assignmen ts. In fact ha ving t w o categories of

missing data complicates the situation su�cien tly that

the v ersion of Multimix that handles missing data is

ab out t wice the length of the original Multimix . The

algorithm used is an extension b y Hun t [1996] of that

of Little and Sc hluc h ter [1985] to �nite mixtures of

distributions. The E -step of the EM algorithm used

incorp orates a v ery e�cien t `sw eeping' on augmen ted

co v ariance matrices to estimate the missing p ortion of

the complete-data su�cien t statistics. It is useful to

ha v e b oth v ersions of the program a v ailable, b ecause

the sp eed of the simpler program on data without

missing v alues is greater than that of the missing-data

v ersion, and the parameter estimates found using the

complete cases and the simpler program usually mak e

go o d starting v alues for the larger program.

3 SOME EXAMPLES OF

CLUSTERING WITH Multimix

3.1 BY AR PR OST A TE CANCER D A T A

The ultimate test of an y clustering metho dology is

whether the clusters that result ha v e an y v alue for

the user. T o examine whether the clusters formed b y

Multimix ha v e an y usefulness w e ha v e clustered By ar's

Prostate Cancer data [Andrews and Herzb erg, 1985,

pp. 5-8] in to 2 groups using 12 pre-treatmen t co v ari-

ates; 8 con tin uous v ariables and 4 categorical v ariables

with b et w een 2 and 7 lev els. This is a useful data set

to test clustering programs on, b ecause the patien ts

are classi�ed in to Stage 3 and Stage 4 (more sev ere)

of the disease, and p ost-trial information on the sur-

viv al status of the patien ts is a v ailable. The Stage

4 patien ts had some signs of the cancer spreading to

other parts of the b o dy . The stages w ere not used in

the clustering, nor w as the information on p ost-trial

status (aliv e/dead/cause of death).

W e rep ort only an outline of our analysis of this data

set, more details are giv en in Hun t [1996] and Hun t and

Jorgensen [1999]. W e use only the 475 out of 506 pa-

tien ts with complete pre-trial information. The initial

mo del �tted w as a 2-comp onen t mo del with complete

lo cal indep endence.

The initial clusters found had a strong relationship to

the clinical stages:

Cluster 1 Cluster 2

Stage 3 252 21

Stage 4 20 182

Insp ection of the clusters sho w ed three con tin uous

v ariables that app eared to b e asso ciated within clus-

ters. These w ere Systolic Blo o d Pressure, Diastolic

Blo o d Pressure and Bo dy W eigh t Index (W eigh t cor-

rected for heigh t). The ph ysical plausibilit y of correla-

tions b et w een these v ariables within clusters ga v e ad-

ditional reason to mo dify the mo del partition of v ari-

ables bringing these three v ariables together in a sub-

v ector. Th us six additional co v ariance parameters are

no w estimated, three for eac h cluster.

The mo di�cation of the mo del mo del mak es little dif-

ference to the clusters, in fact only four patien ts c hange

cluster. The connection with the clinical stages tabu-

lated ab o v e c hanges to

Cluster 1 Cluster 2

Stage 3 252 21

Stage 4 18 184

Eac h patien t in the data set has a surviv al status

recorded that w as not used in the clustering. A use-

ful grouping of the status v alues is in to four categories:

aliv e(0), dead from prostatic cancer(1), dead from car-

dio v ascular causes(2), dead from other causes(3). The

follo wing table sho ws that the clusters found ha v e

some prognostic v alue.

Surviv al Status

Cluster 0 1 2 3

1 96 24 92 58

2 41 97 46 21

W e can go on to in v estigate the clusterings generated

b y �tting mo dels with more comp onen ts. In the case

of a three comp onen t mo del based on the same parti-

tioning of the v ariables clusters are generated with the

follo wing relationship to the outcomes:

Surviv al Status

Cluster 0 1 2 3

A 56 18 31 21

B 43 12 63 40

C 38 91 44 18

T o a go o d appro ximation Cluster 1 from the t w o com-

p onen t mo del splits in to Cluster A and Cluster B, and

Cluster C is more or less the same as Cluster 2. W e

can describ e Cluster A as the more health y patien ts;

Cluster B patien ts are less health y , but with health



problems other than prostate cancer dominating; Clus-

ter C patien ts are the main group at risk from prostate

cancer.

Hun t [1996] go es on to in v estigate 4- and 5-comp onen t

mixture mo dels for the prostate cancer data. Some dif-

�cult y w as exp erienced in �tting 5-comp onen t mo dels

as the EM algorithm to ok a long time to con v erge and

man y lo cal lik eliho o d maxima where encoun tered.

It is clear that Multimix is disco v ering structure re-

lated to the prognosis of the patien ts ev en though the

Surviv al Status information is not used b y the pro-

gram.

3.2 FISHER'S IRISES WITH MISSING

V ALUES

A less `real' but more familiar example is no w deriv ed

from the Fisher Iris data b y randomly making v alues

missing with probabilit y 1/3. The results in a data

set that w ould b e c hallenging to most clustering algo-

rithms, but whic h is clustered easily b y Multimix .

In the Iris data measuremen ts of four v ariables Sepal

length, Sepal width, P etal length, P etal width are

a v ailable for 150 irises, 50 eac h from eac h of three

sp ecies Setosa , V ersic olor , and Vir ginic a . As ma y b e

noted b y graphical exploration the Setosa sp ecies is

relativ ely w ell-separated from the other t w o. In a

�rst exercise w e tak e the 100 observ ations for Setosa

and V ersic olor and mak e the data v alues missing with

probabilit y 1/3. This is quite an extreme amoun t of

missing data, in fact one Setosa observ ation �nishes

up with all four v ariables missing!

W e consider t w o mo dels: the lo cal indep endence

mo del, whic h in this case is a mixture of t w o 4-v ariate

normal distributions b oth ha ving diagonal co v ariance

matrices; and the unstructured mo del whic h is a mix-

ture of t w o general 4-v ariate normal distributions. The

100 observ ations are assigned b y Multimix to clusters

that are related to the sp ecies as follo ws:

Cluster 1 Cluster 2

Setosa 48 2

V ersicolor 1 49

Actually the assignmen t is the same for all observ a-

tions under the t w o mo dels. F or example the totally

unobserv ed Setosa iris is assigned to V ersic olor b y

b oth mo dels as the estimated prop ortion of V ersic olor

is 0.5011, and 0.5064 under the lo cal indep endence and

unstructured mo dels resp ectiv ely .

The assignmen t probabilities ^z

ij

are somewhat closer

to 0 or 1 under the unstructured mo del as it is able to

�t the data b etter.

Separating V ersic olor and Vir ginic a is a harder task,

ev en when all data v alues are presen t, but w e rep eat

the exercise ab o v e with this pair. With the lo cal inde-

p endence mo del the clusters found relate to the origi-

nal sp ecies as follo ws:

Cluster 1 Cluster 2

V ersicolor 37 13

Virginica 6 44

and with the unstructured mo del the corresp onding

table is

Cluster 1 Cluster 2

V ersicolor 36 14

Virginica 6 44

Although the results for the t w o mo dels lo ok similar,

in fact 17 observ ations c hange their assignmen t to clus-

ters b et w een the t w o groups.

4 COMP ARISON WITH RELA TED

SOFTW ARE AND FUTURE

DIRECTIONS

4.1 A utoClass

A utoClass [Cheeseman and Stutz, 1996] is a Ba y esian

clustering program dev elop ed b y P eter Cheeseman and

colleagues at NASA Ames Researc h Cen ter. The mo d-

els �tted b y A utoClass are v ery similar to those �tted

b y Multimix , although b oth programs w ere dev elop ed

indep enden tly . Tw o ob vious di�erences are

1. A utoClass has automated the pro cess of mo del se-

lection as w ell as that of parameter estimation but

Multimix lea v es mo del-sp eci�cation to the user;

2. A utoClass uses Maxim um P osterior estimation in

place of Maxim um Lik eliho o d estimation.

In fact the �rst is the more crucial di�erence, b ecause

the EM algorithm at the basis of b oth programs ac-

commo dates b oth ML and MAP estimation. A uto-

Class compares di�eren t mo dels b y calculating an ap-

pro ximation to the marginal densit y of the observ ed

data after the mo del parameters ha v e b een in tegrated

out. In usual EM language the appro ximation used

is analogous to taking observ ed data lik eliho o d to b e

prop ortional to complete data lik eliho o d with the con-

stan t of prop ortionalit y to b e ev aluated at the maxi-

m um lik eliho o d estimates.

The mo dels curren tly a v ailable in A utoClass for at-

tributes within a comp onen t are as follo ws. Cat-

egorical attributes are mo delled b y general discrete



distributions (m ulti-category Bernoulli) as in Multi-

mix . Con tin uous attributes ma y b e tak en to ha v e uni-

form or normal distributions, p ossibly after transfor-

mation. P oisson distributions are a v ailable for coun t

attributes. Cheeseman and Stutz [1996] rep ort that

v on Mises-Fisher distributions for circular and spheri-

cal attributes are under dev elopmen t. A t presen t it ap-

p ears that A utoClass do es not o�er facilities for mo d-

elling within cluster dep endencies, that is, all mo d-

els assume within-cluster indep endence of attributes.

Missing v alues are treated as a sp ecial kind of v alue in

some attribute mo dels, but there has b een no imple-

men tation of the Little and Rubin [1987] metho dology

for data missing at random.

4.2 Snob

Snob [W allace and Do w e, 1998] is a clustering pro-

gram dev elop ed b y Chris W allace and co-w ork ers

at the Monash Univ ersit y Departmen t of Com-

puter Science, b eginning in the late sixties.[W allace

and Boulton, 1968]. Snob has a home page

at http://www.cs.mon as h.e du .au /~ dl d/S no b.h tm l .

Snob is a mixture mo del similar in structure to A uto-

Class and o�ering lo cal indep endence mo dels based on

discrete, Normal, P oisson and v on Mises distributions.

In fact Snob is the older program. A no v el feature of

Snob is that inference is b y the principal of Minim um

Message Length [W allace and F reeman, 1987]. This

form of inference tak es discrete v ariables as fundamen-

tal and seeks to minimise the negativ e logarithm of the

probabilit y of the mo del and parameter v alues plus the

negativ e logarithm of the probabilit y of the data giv en

the mo del and parameter v alues. A con tin uous ana-

logue of this estimation principle is similar to Maxi-

m um P osterior estimation (MAP) but in tro duces an

additional factor of ( F ( � ))

�

1

2

to the prior, where F ( � )

is the determinan t of the Fisher information matrix at

the parameter v ector � .

In con trast to Multimix , where the user m ust sp ec-

ify the n um b er of classes, Snob selects the n um b er

of classes automatically using the Minim um Message

Length criterion. Th us the MML criterion is used for

all asp ects of mo del selection and parameter estima-

tion in the Snob approac h.

4.3 Mclust

Ban�eld and Raftery [1993] ha v e dev elop ed the classi�-

cation lik eliho o d approac h of Scott and Symons [1971]

further to in tro duce a con trolled amoun t of 
exibilit y

to criterion-based cluster analysis for con tin uous data.

W allace and Do w e [1998] p oin t out that in the case

of a substan tially o v erlapping pair of normal distribu-

tions ha ving equal abundance and common � this kind

of estimation is lik ely to o v erestimate the di�erence

in means and underestimate � . This inconsistency in

classi�cation lik eliho o d is also discussed b y McLac hlan

and Basford [1988].

Ban�eld and Raftery c haracterize the disp ersion ma-

trices of m ultiv ariate normal clusters b y their orien-

tation , size , and shap e . They mainly consider mo dels

where the shap e is the same in eac h comp onen t of

the mixture, but orien tation and size are p ermitted

to v ary . They also consider an approac h to robus-

tifying cluster analysis b y allo wing a v ery disp ersed

`noise' comp onen t in addition to the m ultiv ariate nor-

mal comp onen ts.

A F ortran program called Mclust has b een written b y

Chris F raley to �t these mo dels and others. It is a v ail-

able from StatLib either as a F ortran program or as

an S-PLUS function. Although criterion-based, rather

than b eing based on a distance matrix, Mclust is writ-

ten to pro ceed initially as an agglomerativ e hierarc hi-

cal program. Ho w ev er once the n um b er of clusters has

b een determined b y the user Mclust can pro ceed b y

reallo cating p oin ts to seek a minim um of the criterion

in a fashion similar to the k -means algorithm of Harti-

gan [1975]. In recen t v ersions of S-PLUS Mclust no w

forms the core of the clustering functions pro vided.

5 THE PLA CE OF Multimix IN

MIXTURE MODELING

The brief surv ey of other related programs helps to

clarify the role of Multimix as a mixture mo delling

to ol. In con trast to Snob and A utoClass it automates

only parameter estimation, lea ving mo del selection to

the con trol of the user. It app ears to b e unique in

o�ering a maxim um lik eliho o d approac h to a class

of mo dels extending mixtures of m ultiv ariate normals

and laten t class mo dels. (Although it is p ossible that

A utoClass and Snob migh t b e coaxed in to pro ducing

similar output for at least some mo dels b y appropriate

prior sp eci�cation and the switc hing o� of their mo del

searc h facilities).

A natural further dev elopmen t for Multimix w ould b e

to in tro duce new t yp es of attribute distribution suc h

as the P oisson and circular v on Mises distributions.

T o the exten t that robust estimation is appropriate for

a particular dataset it seems that it w ould b e b etter

to add a v ery small prop ortion of a highly disp ersed

comp onen t to the mixture than to follo w Ban�eld and

Raftery [1993] in mo difying the lik eliho o d criterion to

gain robustness.

There are no presen t plans to automate mo del selec-

tion in Multimix , but it m ust b e ac kno wledged that



more needs to b e done in the w a y of graphical diagnos-

tic output to assist the user with the re�nemen t of the

mo dels. Ev en tually some form of automation of mo del

selection will b e necessary if Multimix is to b e used on

extremely large data sets, but w e w ould feel happier

ab out adopting an y prop osal for mo del selection if w e

could compare it with h uman-driv en pro cedures o v er

a range of datasets.

The a v ailabilit y of the four programs A utoClass ,

Mclust , Multimix and Snob o�ering similar ranges

of mo dels but using di�eren t inferen tial princi-

ples pro vides an opp ortunit y to learn more ab out

the strengths and w eaknesses of these principles in

the practical data analysis con text of large m ul-

tiv ariate data sets. Curren tly Multimix is a v ail-

able as F ortran 77 source co de from the URL

ftp://ftp.math.w aik at o. ac. nz /pu b/ maj / . Some

do cumen tation, data sets and auxiliary programs are

a v ailable at the same lo cation.
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